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Abstract

It is known that at the living organism level, heart fail-
ure (HF) increases the susceptibility to and incidence of
cardiac alternans, both of which are strongly associated
with sudden cardiac death (SCD). We use mathematical
models to investigate how electrophysiological properties
consistent with heart failure affect the onset and magni-
tude of electrical alternans and its mechanism compared to
similar cases in normal human cells. We study how APD
restitution curves and short-term memory are altered in
normal and HF-affected cells and tissue. We compare our
results with available experimental observations and find
good agreement.

1. Introduction

Cellular alternans, which is a beat-to-beat alternation in
action potential duration (APD) is closely associated with
ventricular arrhythmias and SCD experimentally [1] and
clinically [2]. APD alternans may arise from the dynam-
ics of one or more of ionic currents or from intracellular
calcium dynamics.

Previous research on alternans during heart failure fo-
cused on analyzing the relationship between T-wave alter-
nans and SCD. For example, [3] found that patients with
systolic dysfunction are at risk for VT/VF based on the
presence and magnitude of T-wave alternans. Also, [4]
speculates that T-wave alternans may caused by a steep
APD restitution curve, which may lead to APD alternans
and could progress to VT/VF ultimately at rapid pacing
rates [5]. However, some evidence suggests that T-wave
alternans arises from the cellular level [6]. However, stud-
ies of alternans in human ventricular models to date have
focused on examining the alternans under normal settings
[7, 8]. It is important to investigate alternans dynamics
under HF conditions to help elucidate the reasons for in-
creased susceptibility to arrhythmias under HF conditions.

In this paper, we study alternans under HF conditions

and compare its dynamics with normal cells and tissue. In
particular, we analyze APD restitution curves, effects of
pacing history and the influence of cellular coupling alter-
nans dynamics under both conditions [9].

2. Methods

To investigate alternans under normal and HF condi-
tions, we conduct computer simulations of isolated single
cells and one-dimensional cable domains of cardiac tissue
using the epicardial, midmyocardial, and endocardial cell
type of the O’Hara et al. (OVVR) original model [8] and
the HF-modified HF O’Hara et al. model [10]. Both mod-
els can be described in a single cell by the following dif-
ferential equation:
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In a one dimensional cable, we solved the following

monodomain representation of cardiac tissue:
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where D is the diffusion constant.
In all cases, initial conditions were obtained by pacing

at a cycle length (CL) of 1000 ms with applied current
strength twice diastolic threshold until the difference be-
tween two successive action potentials (APs) was on the
order of 10�4 ms.

Both models were implemented with a time resolution
of 0.02 ms using an explicit Euler method and a spatial
resolution of 0.015 cm. The calcium equations were inte-
grated with a finer time step of 0.001 ms.

APDs were measured using the voltage threshold cor-
responding to 90% repolarization after pacing for 30 s at
a CL of 1000 ms. APD alternans was considered to be
present when variations in APD between consecutive beats
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Figure 1. Alternans in a single cell (0D). (A) APs of non-failing (N) epicardial cells. (B) Corresponding bifurcation
diagram of the non-failing epicardial cell. (C) Alternans magnitude distribution of the non-failing epicardial cell. (D) APs
of failing epicardial cells. (E) Corresponding bifurcation diagram of the failing epicardial cell. (F) Alternans magnitude
distribution of the failing epicardial cell. (G) APs of non-failing endocardial cells. (H) Corresponding bifurcation diagram
of the non-failing endocardial cell. (I) The alternans magnitude distribution of the non-failing endocardial cell.

is 1.5 ms. For the 1D case, the stimulation current was ap-
plied to one edge of the cable. The measurement of beat-
to-beat APD alternans was taken from the central cell of
the cable to be isolated from edge effects. The 1D cable
was composed of 100 cells. The alternans magnitude is
measured as the unsigned difference of the APDs of two
consecutive beats at steady state.

To investigate the effects of the slopes of restitution
curves on the onset and dynamics of alternans, we mea-
sured the slopes of steady-state (S-S) and S1-S2 restitution
curves. For the S-S protocol, the cell was stimulated for 30
s starting at a CL of 1 s after which the CL was decreased
monotonically until 2:1 block was observed. At each CL,
the last APD and the prior diastolic interval (DI) pair were
registered (during alternans, the last two DI, APD pairs
were recorded). For the S1-S2 protocol, the cell was stim-
ulated for 30 s with a fixed CL, represented as S1, after
which a subsequent stimulation (S2) was applied after a
variable DI. The last values for DI and APD were mea-
sured. The memory amplitude was calculated as the dif-
ference in APD for the longest DI between the longest S1
CL (here, 1 s), and the shortest S1 CL before conduction

block or alternans was observed [9].

3. Results

Figure 1 shows alternans properties observed in single
cells. For single epicardial cells, we found that the onset of
alternans occurs at a higher CL in HF cells, 460.0 ms, com-
pared with normal cells, 165.0 ms. Also, the range of alter-
nans cycle lengths in HF cells is extended to 320.0-460.0
ms, compared with normal cells, 165.0 ms. We observed
that HF cells possess larger alternans magnitude, 8.0 ms,
compared with normal cells, which possess 1.5 ms. Thus,
alternans is obtained more easily under HF conditions.

For endocardial single cells, we observe that the alter-
nans onset for normal cells is 280.0 ms, with a wide range
of CLs showing alternans between 280.0 ms and 200.0 ms.
Also, the alternans magnitude between 3.0 ms and 12.0 ms.
Under HF conditions, we did not observe any alternans.
Instead, the cell reached 2:1 block without displaying al-
ternans.

For midmyocardial single cells, we did not observe al-
ternans under either normal or HF conditions; instead, the
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Figure 2. Alternans in a one dimensional cable (1D). (A)
APs of non-failing epicardial cells. (B) Bifurcation dia-
gram of the non-failing epicardial cable. (C) Alternans
magnitude distribution of the non-failing epicardial cable.
(D) APs of non-failing endocardial cells. (E) Bifurcation
diagram of the non-failing endocardial cable. (F) Alter-
nans magnitude distribution of the non-failing endocardial
cable.

cells were unable to fully repolarize and got blocked.
As shown in Fig. 2, in a 1D cable, the alternans onset

occurred at a CL of 320.0 ms for epicardial cells under nor-
mal conditions and lasted for only one cycle length. How-
ever, the alternans magnitude was 25.1 ms. Similar behav-
ior was observed for endocardial cells under normal condi-
tions, where the alternans onset occurred at a CL of 310.0
ms for only that one CL. However, the alternans magni-
tude was very large at 70.8 ms. We did not observe any
alternans in cables composed of midmyocardial cell under
either condition or for epicardial and endocardial cells un-
der HF conditions.

As can be seen in Fig. 3, for single cells, the maxi-
mum slopes of the S-S restitution curves increase slightly
in HF conditions for both epicardial (HF: 0.5, normal: 0.4)
and midmyocardial (HF: 0.4, normal: 0.2) cells. How-
ever, for the endocardial cell type, the slope of the S-S
restitution curve decreased (HF: 0.3, normal: 0.7). In tis-
sue, both epicardial and midmyocardial myocytes showed
steeper slopes for the S-S restitution curves (epi HF: 0.2,
normal: 0.1; mid HF: 0.5, normal: 0.2), but the slope did
not change from endocardial myocytes to cables, with the
maximum slope being 0.2, as can be seen in Fig. 4.

For single cells, the maximum slopes of the S1-S2 resti-
tution curves for all types of cells increased slightly under
heart failure conditions (epi HF: 0.4, normal: 0.3; mid HF:
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Figure 3. Steady-state (S-S) and S1-S2 APD restitution
curves in a single cell. (A) Non-failing epicardial cell. (B)
Non-failing midmyocardial cell. (C) Non-failing endocar-
dial cell. (D) Failing epicardial cell. (E) Failing midmy-
ocardial cell. (F) Failing endocardial cell.

0.5, normal: 0.4; endo HF: 0.3, normal: 0.2); see Fig. 3.
In tissue, we observed mixed results, as shown in Fig. 4.

4. Discussion and Conclusion

For single epicardial cells, we found that the onset of
alternans was increased in HF cells to 460.0 ms, compared
with the onset in normal cells at 165.0 ms. Also, the range
of alternans cycle lengths in HF cells increased to 320.0-
460.0 ms, compared with the value in normal cells of 165.0
ms, which is close to the measured value in experiments
CL240 ms for control and CL500 ms for HF in tissue.
This finding is in agreement with data that normal human
ventricles do not exhibit electrical alternans at slow rates
[11, 12].

In addition, the range of alternans magnitudes in epicar-
dial single cells, 2.0-8.0 ms, overlaps with the range that
has been observed in an ischemic cardiomyopathy patient
of 3.0±1.0 ms [13].

The onset CL of alternans increased in a 1D cable in
both cases, normal and HF. Also, 2:1 block was reached in
1D cables at larger CLs than in 0D cells. Alternans occurs
in the normal OVVR model in tissue for a single CL of
320 ms in epicardial cells and a single CL of 310 ms in en-
docardial cells; the magnitudes of alternans for those cell
types were 25.2 and 70.8 ms, respectively. [14] found the
alternans onset occurred at a much lower CL of 267 ms,
with a maximum alternans magnitude of 11.0 ms. Thus,
although alternans occurs for the normal OVVR model, it
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Figure 4. Steady-state (S-S) and S1-S2 APD restitution
curves in 1D cables. (A) Non-failing epicardial cable. (B)
Non-failing midmyocardial cable. (C) Non-failing endo-
cardial cable. (D) Failing epicardial cable. (E) Failing
midmyocardial cable. (F) Failing endocardial cable.

present earlier and achieves a significantly greater magni-
tude than what has been observed clinically.

Our model includes some limitations. Recent work on
mRNA [15] has shown that alternans in human HF cells
begins at a CL of 350 ms, whereas alternans in our case
begins at a CL 110 ms higher, but our model includes this
CL in the alternans range, which is 460.0-320.0 ms. In
addition, this onset value closer to the observed values re-
ported in other studies [16] where the alternans occurred
for CLs 500 ms.

We have found that our simulations in single cells and
1D cables are capable of producing alternans that are in
agreement with experimental observations on control and
HF.
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