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Abstract

Intracardiac electrograms (EGM) in Cardiac Naviga-
tion Systems (CNS) and in Electrocardiographic Imaging
provide relevant information on the arrhythmia mechanism
for supporting ablation. In our previous work, we pro-
posed Manifold Harmonics Analysis (MHA) for establish-
ing the spatial sampling rate in ElectroAnatomical Maps
(EAM) accounting for anatomical and bioelectrical fea-
tures (e.g., voltage or activation time). Here, we propose
a theoretically founded method for spectrum representa-
tion in terms of spatial frequencies from MHA, which can
determine the minimum number of EGM registered at dif-
ferent spatial positions for accurate EAM with a cut-off
spatial bandwidth. The EAM spectrum magnitude is ob-
tained by cross-correlation between the original spatial
anatomical and bioelectrical features, and the correspond-
ing coefficients projected onto the manifold harmonic ba-
sis. The cut-off spatial frequency is computed according to
a threshold value (TH ∈ [0,1]), accounting for the EAM
reconstruction quality. TH was scrutinized in high quality
anatomical meshes from tomography images, and in sim-
ulated and real EAM from CNS. Experiments showed that
TH>0.98 is required to obtain accurate both anatomical
meshes and EAM. Strong dependence was shown on EAM
with the cut-off spatial frequency in terms of the arrhyth-
mia mechanism.

1. Introduction

Electrical and anatomical maps (EAM) are used to vi-
sualize both the anatomical cardiac structure and electro-
physiological (EP) features (activation sequence or volt-
age amplitude) projected onto the reconstructed anatomy
during EP studies [1]. These maps are built by using Car-
diac Navigation Systems (CNS), which acquire the three-
dimensional spatial coordinates of the catheter within the
heart and in real time. While the detailed anatomical
shape of the map is obtained quickly with a multielectrode

catheter or using computerized tomography (CT) or mag-
netic resonance images, the electrical information is only
acquired in several locations where the electrogram (EGM)
is recorded during 2.5 seconds, so that the larger the num-
ber of EGM acquired, the better accuracy of the EAM.
These maps help to define both the arrhythmia mechanism
and ablation targets, either in focal and reentrant arrhyth-
mias, or in atrial fibrillation [2].

Given that the creation of the EAM is usually driven
by heuristic considerations from electrophysiologists, it
would be desirable to have a principled criteria about the
number of spatial locations that are necessary for yielding
accurate enough EAM during EP studies. Therefore, the
goal of this work is two-fold: (1) to propose a theoreti-
cal method for spectrum representation in terms of spatial
frequencies; and (2) to determine the minimum number of
EGM per area units by establishing a cut-off spatial band-
width (SB) for accurate EAM sampling. Hence, the abla-
tion success probability and the procedure duration could
be improved and reduced, respectively.

Fourier spectral analysis techniques have been used as
a transformation from uniformly sampled Hilbert signal
spaces to the frequency domain, where a clear cut-off cri-
teria can be established with the Nyquist limit [3]. How-
ever, their application to EAM and meshes is not straight-
forward, due to their irregular sampling. A number of
spectral mesh processing methods have been proposed in
computer graphics, including clustering, mesh segmenta-
tion, remeshing, surfaces reconstruction, and texture map-
ping [4]. Whereas none of them can be straightforwardly
applied to EAM analysis, our work is founded on the pre-
vious theoretical contributions in [5], where an approxi-
mation was proposed for the Fourier transform (FT) on
meshes based on Manifold Harmonics Analysis (MHA).

The use of MHA for EAM analysis still has several lim-
itations. A clear quantification of the spatial frequency and
of the spectral content magnitude has not been defined to
date, hence the usual considerations on spectral density es-
timation in a Fourier sense are not usable with that formu-

181ISSN 2325-8861 Computing in Cardiology 2015; 42:181-184.



lation. In addition, MHA was defined for the geometry of
meshes, but it did not account for the analysis of a numeri-
cal scalar field (EP feature) associated to the mesh vertices.
Here, we propose a theoretical founded method for spec-
trum representation from MHA, yielding an estimation of
the cut-off spatial frequency in terms of the reconstructed
EAM quality. This method can be applied to EAM con-
taining both anatomy and features information.

In the next section, we summarize the main principles of
MHA and present the proposed method. In Section 3, we
present the results samples per area units and the spectrum
representation for the anatomy of meshes obtained from
CT images, and for both features and anatomy in simulated
and real EAM.

2. Spatial bandwidth on EAM

Although FT has been used for spectral analysis, its ap-
plication to irregularly sampled meshes is not straightfor-
ward. FT decomposes a signal into a linear combination of
the Laplacian Operator (LO) eigenvectors. The extension
of LO to the discrete triangular mesh used in this work was
proposed in [5], by defining the Laplace-De Rham operator
(LRO) for 0-forms as ∆ = − ?−1

0 dT1 ?1 d0, where ? is the
Hodge star, d is the exterior derivative, and the coefficients
of matrix ∆ are:

∆ij = −
cotan(βij) + cotan(αij)√

|vi||vj |
;∆ii = −

∑
j

∆ij

(1)
with vi = (xi, yi, zi) and vj = (xj , yj , zj) being the ver-
tices linked by an edge; βij and αij , the opposite angles to
the edge between i and j; and |vi|, the area of the Voronoi
region of vertex vi in its 1-ring neighborhood.

The couple {Hk, λk} are the eigenvectors and eigen-
values of ∆, which correspond to the orthonormal basis,
called Manifold Harmonic Basis (MHB), and to frequen-
cies wk =

√
λk, respectively. The frequencies are in-

versely related to the edge lengths, for instance, the max-
imum (Nyquist) frequency of the mesh corresponds to the
half of the inverted minimum edge length. The projec-
tion of vertices onto the basis function is the Manifold
Harmonic Transform (MHT), and the coefficients can be
computed by âk =

∑n
i=1 viH

k
i , where n is the number

of vertices. The mesh can be reconstructed back by using
the inverse MHT, i.e., v̂i =

∑m
k=1 âkH

k
i , where m is the

number of coefficients used for the reconstruction.
This previously described MHA is here extended to

cardiac EAM, by including up to the fourth dimension,
corresponding to the cardiac EP feature in EAM. The
couple {Hke, λke} is obtained now by computing the
eigenfunctions of ∆, whose vertices are now defined as
ui = (xi, yi, zi, hi), where hi is the EAM cardiac fea-
ture (such as activation time, unipolar or bipolar voltage)
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Figure 1. Spectrum (zoom) of a left atrial (a) and ven-
tricular (b) meshes. From left to right: original subsam-
pled with 5000 vertices, and reconstructions for TH= 0.98,
0.99,0.995 for atrium (c) and ventricle (d).

and (xi, yi, zi) are coordinates in the vertex ui. A normal-
ization was used for u to zero mean and standard deviation
equaling the average of the standard deviation of all dimen-
sions, to avoid distortion just due to cardiac feature and
spatial coordinates having different physical magnitude.

Once MHT is computed and extended coefficients âke

are obtained, the steps for estimating the spectrum, the cut-
off frequency, and the SB, are the following:
1. The j-th element of the spectrum is computed as the
normalized correlation coefficient Sj , between the j-th el-
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Figure 2. Spectrum (zoom) of a real unipolar (a) and bipo-
lar (b) EAM in a LVT. From left to right: original and re-
constructed for TH= 0.98, 0.99,0.995 in the unipolar (c)
and bipolar (d) EAM.

ement of u and ũke = âkeH
ke (each coefficient projected

in its MHB), i.e.,

Sj(wke) =
cov(ũj

ke,u
j)√

var(ũj
ke)var(u

j)
(2)

The frequency associated to the ke-th eigenvector is wke.
2. Compute n mesh reconstructions by gradually increas-
ing m from 1 to n. The larger m, the better similarity

Table 1. Average ± standard deviation for the SB (sam-
ples per unit area) of the anatomical meshes in both left
ventricles and atria.

Chamber TH=0.98 TH=0.99 TH=0.995
Atria 0.08 ± 0.02 0.11 ± 0.03 0.19 ± 0.03

Ventricles 0.06 ± 0.01 0.08 ± 0.02 0.13 ± 0.02

Table 2. Average± standard deviation for the SB (samples
per unit area) of simulated activation EAM in a SR and a
FL, in both RA and LA.

EAM TH=0.98 TH=0.99 TH=0.995
SR-RA 1.37 ± 0.03 1.78 ± 0.28 2.44 ± 0.05
SR-LA 1.38 ± 0.02 2.06 ± 0.09 2.84 ± 0.08
FL-RA 1.57 ± 0.06 2.26 ± 0.29 3.10 ± 0.08
FL-LA 1.20 ± 0.11 2.05 ± 0.09 2.66 ± 0.14

Table 3. SB (samples per unit area) of a real bipolar and
unipolar voltage EAM with 4783 vertices for a LVT.

EAM TH=0.98 TH=0.99 TH=0.995
Bipolar 0.16 0.27 0.38

Unipolar 0.12 0.23 0.36

between reconstructed and original meshes, which can be
quantified by the accumulated normalized correlation co-
efficient for each j-th element of u, as follows,

Cj(wm) =
cov(ûj

m,u
j)√

var(ûj
m)var(uj)

(3)

where ûj
m is the j-th element of ûm.

3. Set a threshold value TH ∈ [0, 1] to select the cut-
off frequency wc considering Cx(w) >TH, Cy(w) >TH,
Cz(w) >TH, and Ch(w) >TH. Note that the lowest spec-
trum components provide the general shape of the mesh
according to the representation of S(w).

The cut-off frequency wc provides the SB, i.e., the num-
ber of samples per area unit, required to have the accuracy
set by the threshold value TH.

3. Results

SB for anatomical meshes. Detailed meshes were used
for validation of the proposed methodology in anatomy,
which were obtained from the segmentation of left atrial
and ventricular endocardium in CT images. Specifically,
six left atrial and ventricular endocardia from images were
segmented by using a region growing method and trans-
formed into meshes with hundred of thousands of ver-
tices [6]. Given the high computational burden of the
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MHT, anatomical meshes were irregular and randomly
subsampled with 5000 vertices. Then, atrial and ventric-
ular meshes were transformed into a spectral domain by
computing their MHT, and the SB was obtained according
to the proposed methodology.

Figure 1 shows the spectrum and the cut-off frequen-
cies for several TH, and the reconstructed meshes for an
atrium and a ventricle. Higher cut-off frequencies were
required for the atrium than the ventricles in the same
TH due to the borders (high frequencies) generated by the
shape of the veins. Table 1 shows the SB with 50 realiza-
tions of each atrium and ventricle, with TH= 0.98, 0.99,
0.995. The required SB for TH=0.995 was near the dou-
ble than for TH=0.98, but the visual reconstruction was
quite similar for both (see Figure 1 (c) and (d)). In ad-
dition, the difference between the original mesh and the
reconstructed meshes for each TH was measured with the
mean-squared error (MSE), and a significantly reduction
was yielded from TH=0.98 . Therefore, TH=0.98 can be
considered accurate enough for building the anatomy.

SB for EAM. SB was obtained for both anatomy and
features in simulated activation EAM for two rhythms,
a sinus rhythm (SR) and a flutter (FL) in the right
atrium (RA) [7, 8]. EAM meshes were again irregular and
randomly subsampled with 5000 vertices, and they were
transformed into a spatial frequency space to estimate the
SB. Table 2 shows the SB with 50 realizations for several
subsampling vertices of EAM, TH=0.98, 0.99, 0.995. As
expected, the highest SB was obtained for FL in the RA
due to border effects in the feature space, such as early-
meets-late or very defined scars, whose spectrum will tend
to be infinite.

A real unipolar and bipolar voltage amplitude CNS
EAM of a left ventricular tachycardia (LVT) was analysed
by following the proposed methodology. Table 3 shows
the SB associated to the bipolar and unipolar voltage EAM
in a mesh with 4783 vertices (not subsampled). Given
that bipolar EGM usually required higher bandwidth than
unipolar, consistent results were obtained for SB, slightly
higher SB (see Figure 2) was required for bipolar than
unipolar EAM. The MSE was also computed for the origi-
nal EAM and the reconstructed meshes for each TH and it
was also yielded a significantly reduction of the MSE from
TH=0.98, hence we conclude that TH=0.98 can be appro-
priate to reconstruct the unipolar and bipolar EAM, and a
post-processing step for boundary enhancement could be
used to improve the map quality.

4. Conclusions

We have proposed the representation of the spectrum of
EAM in CNS, in a Fourier analysis sense, by using ap-
propriate modifications of MHA. This allows us to move
towards well-known concepts of spectral analysis and their

use in EAM, such as the Nyquist frequency, yielding a
cut-off frequency which provides the SB required for a
given map quality and accuracy. Previous mesh analysis
using MHA has been extended for its usefulness in EAM
using not only the anatomy, but also the cardiac feature
associated to each vertex. Consistent results are obtained
when analyzing atrial and ventricular meshes, both in com-
plex simulations and in CNS real examples. The extended
MHA allows us to quantitatively represent the EAM spec-
trum, yielding a principled estimation of their spatial fre-
quency, and opening the field to a new set of tools for sup-
porting the generation of EAM during EP studies.
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