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Abstract

The effect of torso conductivity heterogeneities on the
electrocardiographic imaging (ECGI) inverse problem so-
lution is still subject of debate. In this study we present
a method to assess the effect of these heterogeneities. We
use an anatomical model containing the heart the lungs the
bones and the torso surfaces. We use the bidomain model
and we solve it using finite element methods in order to
generate in silico data taking into account the torso het-
erogeneities. We add different noise levels on the body sur-
face potentials and we solve the inverse problem for both
homogenous and heterogeneous torso conductivities. We
analyse the reconstructed solution using the relative error
and the correlation coefficient.

1. Introduction

The ECGI technology is a recent approach that helps the
cardiologist to visualize the electrical potential distribution
or other characteristics of the electrical wave on the heart
surface or volume. This procedure is based on 1) electrical
measurements on the surface of the torso, 2) some geo-
metrical information obtained from CT-scans or MRI im-
ages and 3) some numerical algorithms that allow to solve
the inverse problem. The electrical measurements are col-
lected using body surface electrodes. It is well known that
the more data you have on the body surface in terms of
number of electrodes the better are the results [1, 2]. One
should also take into account that these measurements are
noisy and have to consider the effect of noise on the in-
verse solution. The geometrical information is usually
constructed using the CT-scan images of the patient they
allow in particular to extract the torso and heart surfaces.

In most of the studies each of the nodes at the torso surface
represents an electrode. In this case the torso geometry
accuracy depends on the number of electrodes. In some
works, if the number of electrodes is too small and not
enough to represent the geometry. The mesh could contain
nodes that are not located at electrodes positions and in that
case there are two options for solving the inverse problem:
a) some interpolation techniques could be used in order to
predict the electrical potential on these new points, or b)
use the refined geometry to construct the transfer operator
and then remove the points that do not represent electrodes
positions from the inverse reconstruction [2]. The third
important element in solving the ECGI problem is the nu-
merical algorithm. It takes into account the mathematical
model representing the forward propagation and all the ge-
ometrical electrical data. Few works studied the effect of
the torso heterogeneities on the forward solutions [3–5].
A small number of papers have studied the effect of inho-
mogeneities on the ECGI inverse solution. In [6] authors
worked on analytical solution in concentric sphere. In [7]
the author studied the effect of conductivity uncertainties
on the inverse solution of ECGI, the study was in 2D and
with analytical solutions as well. Here we focus on the ef-
fect of combining conductivity heterogeneity and noise in
the electrical data on the ECGI solution using 3D realistic
geometry.

2. Methods

We use numerical simulations to construct reference
data. The torso geometry was constructed from a CT scan
of a 43-years-old woman. In order to construct the body
surface potentials, we used the bidomain model in the heart
and the Laplace equation with heterogeneous conductivi-
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ties in the torso. After adding different levels of noise on
the body surface potentials (BSP), and without filtering,
we solved the inverse problem based on an optimal control
approach using a zero order Tikhonov regularisation for
both homogenous and heterogeneous torso conductivities.

2.1. Anatomical model

We use a geometry that we have segmented from a CT
scan of a 43 year old woman. The DICOM images were
segmented using medical imaging softwares. We identify
three regions in the torso domain: lungs, bones, and the
rest of the torso tissue. After segmentation, we use Tetgen
and INRIA meshing Software MMG3D1 in order to get a
good quality of athetrahedral mesh [8].
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1. Introduction

The inverse problem in cardiac electrophysiology also known as electrocardiography imaging 

(ECGI) is a new and a powerful diagnosis technique. It allows the reconstruction of the 

electrical potential on the heart surface from electrical potentials measured on the body 

surface. The computation of the electrical potential on the heart surface giving data on the 

body surface is known to be ill posed in the sens that a small variation on the –body surface 

potential could highly modify the solution on the heart surface. In the mathematical 

community it is known by data completion Cauchy problem. Since 1923, Hadamard [1] have 

given and exmple illustrating the ill posedness of this problem. In the electrocardiography 

community, different methods of regularisation have been used and compared in order to 

solve the problem. These methods include Thikhonov regularisation with L-curve [2], 

Compiste Residual and smothing Pprator (CRESO) [3], trancated SVD regularisation and 

other regulatisation techniques see [4] and the refrences in there. In most of the papers in the 

litterature the used formulation of the inverse probem is based on a transfer matrix that maps 

the eelctrical potential on the heart onto the body surface. The matrix is computed using the 

Green formula if the torso is supposed isotropic and homogenous or boundary elements 

mothod if the torso is supposed to be isotropic and homogeneous by part or in a more genral 

situation with finite element method in the case where the torso could be supposed anisotropic 

and/or inhomogenous.

In this work we propose to come back to the original formulation of the problem and propose 

a new mathematical way to solve the problem. The method that we present in this paper is 

based on a domain decompostion technique. It has been recently proposed in the international 

Conference of Domain Decomposition method Zemzemi [5] and tested on cocentric spheres 

representing the torso. In this work it will be tested on synthetical data generated on a real life 

human torso.

2. Methods

Anatomical model 

The torso geometry was generated from CT images of a 43 years old woman. The DICOM 

images were segmented using the medical imaging software Osirix. In ordor to take into 

account the torso heterogeneity we distinguish three different volume regions (lung, bone, and 

the rest). After generating the surfaces we use INRIA meshing Software MMG3D to generate 

the 3D volume of the computational mesh. In Figure 1, we show a screenshot of the mesh 

with the different regions. We assigned isotropic conductivities of 0.389 and 0.2 mS/cm to the 

lung and bone elements respectively and 2.16 mS/cm in the rest.
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Figure 1. Two slices of the CT-scan images (left). Torso
geometry showing the epicardium (heart-torso interface Σ)
(red), lungs (light blue), bones (yellow) and torso external
boundary Γext (green).

2.2. Inverse problem

ECGI allows to construct the electrical potential on the
heart surface Σ from data measured on the body surface
Γext. We assume that the electrical potential is governed
by the diffusion equation in the torso as shown in the pre-
vious paragraph. For a given potential data T measured on
the body surface Γext, the goal is to find ue on Σ such that
the potential data in the torso domain satisfies both Dirich-
let and Neumann boundary conditions on the epicardium
Σ as follows

div(σT∇uT) = 0, in ΩT,

σT∇uT.n = 0, and uT = T, on Γext,

uT =?, on Σ.

(1)

This problem is ill posed because the uT is over deter-
mined on the boundary Γext, where we have two bound-
ary conditions to be satisfied. In order to find uT on the

1http://www.math.u-bordeaux1.fr/ dobrzyns/logiciels/download.php

heart surface Σ, we use an optimal control approach based
on the Steklov Poincré variational formulation[9,10]. This
method is inspired from the domain decomposition field.
We look for τ = uT/Σ minimizing the following cost
function

J(λ) =
1

2

∫
ΩT

(∇uD(λ) −∇uN(λ))2 +
α

2

∫
Σ

λ2. (2)

where α is a regularization parameter and uD(λ) and
uN(λ) are solution of the following equations

div(σT∇uD(λ)) = 0, in ΩT,

uD(λ) = T, on Γext,

uD(λ) = λ, on Σ.

(3)


div(σT∇uN(λ)) = 0, in ΩT,

σT∇uN(λ).n = 0, on Γext,

uN(λ) = λ, on Σ.

(4)

Since we are interested in assessing the effect of torso con-
ductivity inhomogeneities on the ECGI inverse solution,
the conductivity function σT would be constant when we
are in the homogeneous case and depends on the consid-
ered regions (lungs, bones and remaining tissue) in the
heterogeneous case. Details about the iterative algorithm
solving the minimization problem could be found in [9].

3. Numerical results

We start by generating synthetic data using an ECG sim-
ulator based on the bidomain model. We stimulate the
heart at the apex, the electrical wave propagates from apex
to base. In figure 2 (left), we show the distribution of the
electrical potential in the depolarization phase. In figure
2 (right), we show the potential distribution at the repolar-
ization phase.

Figure 2. Snapshots of potential distribution on the heart
surface and the torso volume at the depolarization phase
(16 ms) (left) and depolarization phase (176 ms) (right).
The color bar scale is in mV.
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3.1. Zero noise

From the forward solution, we extract the electrical po-
tential at the body surface and we compute the inverse so-
lution without adding noise. In figure 3 (left), we show
the relative error for the homogeneous (blue) and inho-
mogeneous (red) cases when no noise is considered. In
the heterogeneous (respectively, homogeneous) case, the
mean value of the RE in time is 0.38 (respectively, 0.52)
and its standard deviation is 0.05 (respectively, 0.04).
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Figure 3. Time course of the relative error (left) and the
correlation coefficient (right) for the heterogeneous con-
ductivity case (red) and the homogeneous case (blue). No
noise is added to the BSPs.

In figure 3 (right), we show the correlation coefficient
for the homogeneous (blue) and inhomogeneous (red) for
the same case. In the heterogeneous (respectively, homo-
geneous) case, the mean value of the CC in time is 0.92
(respectively, 0.86) and its standard deviation is 0.024 (re-
spectively, 0.026).

3.2. Effect of noise

We add different levels of noise to the extracted body
surface potentials, the amplitude of the noise increase from
0.5 mV to 1.0 mV and 2.0 mV. An example of Body sur-
face potential time course extracted from a point on the
torso surface is given in figure 4. We solve the inverse
problem using the noisy BSP data and we compute the RE
and the CC in the depolarization interval (between 0 ms
and 80 ms). For the heterogeneous case, adding a noise
of amplitude 0.5 mV (respectively 1.0 mV, 2.0 mV) comes
with a relative error of 0.46 ± 0.11 (respectively, 0.49 ±
0.1, 0.56 ± 0.13). The CC decreases from 0.92 ±0.02 to
0.90 ± 0.03 (respectively, 0.87 ± 0.07, 0.80 ± 0.12).

For the homogeneous case, adding a noise of amplitude
0.5 mV (respectively 1.0 mV, 2.0 mV) comes with a rela-
tive error of 0.57 ± 0.07 (respectively, 0.59 ±0.07, 0.63 ±
0.10). The CC decreases from 0.86 ±0.02 to 0.85 ± 0.03
(respectively, 0.82 ± 0.07 , 0.77 ± 0.11). As an example,
we show in figure 5 (left), the time course of the RE and in
figure 5 (right) the CC for the case where we add a noise
of amplitude 0.5 mV for both homogeneous and heteroge-
neous torso. We see that the gap between the homogeous
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Figure 4. Example of BSP at a given point at the torso sur-
face: exact potential (red), noisy potential by adding 0.5
mV (bleu dashed line) and filtered potential (black contin-
uous line).
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Figure 5. Time course of the RE (left) and correlation co-
efficient (right) and the for the heterogeneous conductivity
case (red) and the homogeneous case (blue). Here we add
a noise of magnitude 0.5mV to the BSPs.

and heterogenous case both in terms of RE and CC is re-
duced by the noise.

4. Discussion

We have presented a study of the effect of the hetero-
geneities in the torso conductivity on the ECGI inverse so-
lution. Since we were using numerical simulations, we
were able to construct an ideal experiment where we iso-
lated the effect of the heterogeneities. All the other factors
like geometry of heart and torso and their positions, BSPs,
ground truth electrograms,..., etc are the same.

Our results show that for low values of noise in the BSP
measurements, the effect of torso heterogeneities is clear:
there is a gain between 5 to 10% of accuracy in terms of
CC and 10 to 20% in terms of RE if these heterogeneities
are accounted for in the inverse model. This gain decreases
when the noise in the BSP measurement increases. The
correlation coefficient is too small and even negative be-
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tween 270 ms and 400 ms in figure 5. This is mainly du
to the fact that the heart is fully repolarized and the torso
potential is too small. In this case the noise is relatively
high compared to the values of the potential. The inverse
solution is capturing only the noise. That is why in figure
?? we only show the RE between 0 and 270ms.

5. Conclusion

In this paper, we presented a numerical study showing
the effect of the torso conductivity inhomogeneities on the
ECGI inverse solution. We formulated the ECGI inverse
problem in terms of electrograms and we used an opti-
mal control approach to solve it. We have considered a
3D realistic geometry of a 43 years old women. The ge-
ometry contains the lungs bones and the remaining tissue
domains. We considered the heterogeneous for building
the gold standard data. And we solved the inverse prob-
lem using homogeneous and inhomogeneous torso models.
Our results show that high levels of noise hide the effect of
the heterogeneity on the inverse solution. But when the
noise level is relatively small, we have seen that consider-
ing the heterogeneities in the torso conductivity improves
the quality of the inverse solution in terms of CC by 5 to 10
% and RE by 10 to 20 %. This experiment would be very
difficult to be performed in in vivo experiments since the
noise in the measured data and the experiment environe-
ment would highly interfere with the effect of the conduc-
tivities as shown in our results.
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