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Abstract 

In this paper, stochastic 1D and 2D models based on 

the two-pool calcium-induced calcium release (CICR) 

process are presented. An anisotropic diffusion model is 

presented that approximates the calcium concentration in 

the cytosol as well as the sarcoplasmic reticulum (SR). 

The relative source strengths in 1D and 2D are adjusted 

to simulate the behaviour of a point source array in the 

real 3D problem. The numerical conversion presented 

involves the convolution between the Green’s and 

Heaviside functions. The models are solved using the 

Crank Nicolson (CN) and alternating direction implicit 

(ADI) for the 1D and 2D cases, respectively. These 

methods are known to be stable. Results are presented for 

the comparison between the two models. 

 

 

1. Introduction 

Stochasticity plays an important role in cardiac myocyte 

calcium dynamics. Two main reasons given previously 

[1,2] are: 1 – The occurrence of sparks are random and 

spontaneous; 2 – The behaviour of calcium waves can 

differ significantly from deterministic to stochastic 

systems due to different levels of Ca2+ sensitivity of the 

calcium release units (CRUs) causing differences in the 

trigger of calcium waves.  

A system of coupled PDEs, describing the cytosolic and 

sarcoplasmic Ca2+ concentrations has been used to 

simulate deterministic and stochastic waves [3]. Their 

model has three main drawbacks [4]: 1 – Triggering of 

Ca2+ release relies on a deterministic rule which occurs 

when the concentration exceeds some fixed value 𝐶∗; 2 – 

Only isotropic diffusion of Ca2+ is considered, and 3 – Ca2+ 

buffers and dye are not included, with their absence 

compensated for by the 10-fold reduction of the free Ca2+ 

diffusion coefficient. Shortly after this, a numerical model 

of calcium spark formation and detection was formulated 

[4]. This model simulates the effects of dye and buffers but 

neglects the concentration in the SR and preserves the 

deterministic rule for triggering release. Later, the model 

was reformulated to include a stochastic rule for the release 

of CRUs for the anisotropic diffusion of Ca2+ [1,5].  

The models above use Fick’s Law for the Ca2+ 

diffusion. An extension of the Fick’s Law diffusion to 

anomalous subdiffusion has been reported to give more 

realistic results [6,7,8]. Since the work of Keizer and Smith 

(1998), models have focused on including buffers, 

stochastic calcium release and anomalous subdiffusion. 

Except for one work [9], the coupled behaviour of the 

cytosolic and sarcoplasmic concentration has not been 

modelled. The model presented in this paper is a stochastic 

extension of the deterministically coupled model 

previously used by [10,11], which includes the cytosolic 

leak and a representation of the SR leak not found in 

existing stochastic models. We compare simulation results 

for the 1D and 2D cases and present results for the 

anisotropic case of the 2D model.  

  

2. Methods 

2.1. Model for calcium sparks and blinks 

It has been reported that there is little variation of 

calcium waves in the z-direction [8,12]. For this reason, 

this paper focuses on a 2D model by eliminating the 

gradients along the z-direction. A 1D simulation is also 

presented to compare model results.  

The governing equations for Ca2+ sparks and blinks are 

based on the Fick’s Law diffusion for simplicity 
𝜕𝐶

𝜕𝑡
= 𝐷𝐶𝑥

𝜕2𝐶

𝜕𝑥2 + 𝐷𝐶𝑦
𝜕2𝐶

𝜕𝑦2 + 𝐽𝑑𝑦𝑒 + 𝐽𝑏𝑢𝑓𝑓𝑒𝑟 − 𝐽𝑝𝑢𝑚𝑝 −

                                 𝐽𝐶𝑎2+𝑙𝑒𝑎𝑘 + 𝐽𝐶𝑅𝑈 + 𝐽𝑆𝑅 𝑙𝑒𝑎𝑘    (1) 
𝜕𝐶𝑠

𝜕𝑡
= −𝐽𝑆𝑅 𝑙𝑒𝑎𝑘 + 𝐽𝑝𝑢𝑚𝑝 − 𝐽𝐶𝑅𝑈 + 𝐽𝑑𝑦𝑒 + 𝐽𝑏𝑢𝑓𝑓𝑒𝑟     (2) 

where 𝐶 = [𝐶𝑎2+]𝑐𝑦𝑡(∞) and 𝐶𝑆 = [𝐶𝑎2+]𝑆𝑅(∞) represent 

the free Ca2+ concentration in the cytosol and SR, and 

𝐽𝐶𝑎2+𝑙𝑒𝑎𝑘 is the cytosolic Ca2+ leak from to the exterior of 

the cell. The remaining terms are previously described 

[7,8]. The terms 𝐽𝑑𝑦𝑒, 𝐽𝑏𝑢𝑓𝑓𝑒𝑟 , 𝐽𝑝𝑢𝑚𝑝, 𝐽𝐶𝑎2+𝑙𝑒𝑎𝑘 and 𝐽𝑆𝑅 𝑙𝑒𝑎𝑘 

are  

𝐽𝑏𝑢𝑓𝑓𝑒𝑟 = −
𝜕[𝐶𝑎𝐵]

𝜕𝑡
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𝐽𝑑𝑦𝑒 = −𝑘𝐹
+𝐶([𝐹]𝑇 − [𝐶𝑎𝐹]) + 𝑘𝐹

−[𝐶𝑎𝐹] 
𝜕[𝐶𝑎𝐵]

𝜕𝑡
= 𝑘𝐵

+𝐶([𝐵]𝑇 − [𝐶𝑎𝐵]) − 𝑘𝐵
−[𝐶𝑎𝐵]     (3) 

𝜕[𝐶𝑎𝐹]

𝜕𝑡
= 𝐷𝐷𝑥

𝜕2𝐶𝑎𝐹

𝜕𝑥2 + 𝐷𝐷𝑦
𝜕2𝐶𝑎𝐹

𝜕𝑦2 − 𝐽𝑑𝑦𝑒     (4) 

𝐽𝑝𝑢𝑚𝑝 = 𝑉𝑝𝑢𝑚𝑝

𝐶𝑛𝑝𝑢𝑚𝑝

𝐾𝑝𝑢𝑚𝑝

𝑛𝑝𝑢𝑚𝑝 + 𝐶𝑛𝑝𝑢𝑚𝑝
 

𝐽𝐶𝑎2+𝑙𝑒𝑎𝑘 = 𝑘𝐶 

𝐽𝑆𝑅 𝑙𝑒𝑎𝑘 = 𝑘𝑓𝐶𝑠 

where 𝑘𝐶 and 𝑘𝑓𝐶𝑠 refer to the passive efflux from the 

cytosol and SR, respectively. Standard parameter values 

are given in Tables 1 and 2. 

Table 1. Standard parameter values. 

Parameter  Value Source 

𝐷𝐶𝑥 , 𝐷𝐶𝑦  0.3,0.15 𝜇m2/ms [1,5,7,8] 

𝐷𝐷𝑥 , 𝐷𝐷𝑦 0.02,0.01 𝜇m2/ms [1,5,7,8] 

𝑙𝑥 , 𝑙𝑦 2,0.8 𝜇m [1,5,7,8] 

[𝐶𝑎2+]𝑐𝑦𝑡(∞) 0.1 𝜇M [1,5,7,8] 

[𝐶𝑎2+]𝑆𝑅(∞) 750 𝜇M [9] 

𝐹 96500 C mol−1 [1,5,7,8] 

𝑉𝑝𝑢𝑚𝑝 0.208 𝜇M/ms [1,5,7,8] 

𝐾𝑝𝑢𝑚𝑝 0.184 𝜇M [1,5,7,8] 

𝐾𝑝𝑟𝑜𝑏 15 𝜇M [1,5,8] 

𝑛𝑝𝑢𝑚𝑝, 𝑛𝑝𝑟𝑜𝑏 3.9,1.6 [1,5,8] 

𝑇𝑜𝑝𝑒𝑛 10 ms [1,5,8] 

𝑃𝑚𝑎𝑥  0.3 per CRU ms−1 [1,5,8] 

𝜎3 𝐼𝐶𝑅𝑈/2𝐹 mole/ms [1,5,7,8] 

𝑘  0.012 ms-1  

𝑘𝑓  0.00038 ms-1  

𝐼𝐶𝑅𝑈   20 pA  

The flux of calcium release from the CRUs is 

determined by 𝐽𝐶𝑅𝑈, 

𝐽𝐶𝑅𝑈 = ∑ 𝜎𝛿(𝑥 − 𝑥𝛼)𝛿(𝑦 − 𝑦𝛽)𝑆(𝑥, 𝑦, 𝑡; 𝑇𝑜𝑝𝑒𝑛)

𝛼,𝛽

 

where 𝜎 is a molar flux from a CRU channel which is based 

on the CRU current, 𝐼𝐶𝑅𝑈 , and Faraday’s constant, F. The 

remaining terms can be found in previous models [1,7,8].  

The CRUs are placed at regular intervals of 𝑙𝑥 along x-

axis and 𝑙𝑦 along y-axis. It is assumed that once a CRU 

opens it will remain open for 10 ms (i.e. 𝑇𝑜𝑝𝑒𝑛 = 10 ms) 

after which it will switch to a closed state and will not 

reopen (a long refractory period). 

Table 2. Standard parameter values for dye and 

endogenous buffer. 

Buffers 𝑘+ ((𝜇Ms)−1) 𝑘− (s−1) [𝐵]𝑇 (𝜇M) Source 

Dye 80 90 50 [1,5,7,8] 

Buffer 100 100 123 [5] 

An adjustment to the source strength was previously 

done to approximate the molar flux of a point source [1]. 

This approach is extended here for the 1D case (See 

Appendix for the obtained 𝜎1 and 𝜎2 values). 

 

2.2. Numerical methods 

The computational domain used for all simulations has 

dimensions of 20 × 100 𝜇m which is meshed with a grid 

size of 
0.8

3
× 0.4 𝜇m and time step size of 0.003125 ms.  

The governing equations (1,4) are discretised using the 

ADI method with standard finite difference notation. 

Therefore, Equation (1) becomes 

(
Δ𝑡

2
(𝑘 − 𝐷𝐶𝑥

𝛿𝑥
2

Δ𝑥2) + 1) 𝐶
𝑖,𝑗

𝑛+
1

2 = (1 +
Δ𝑡

2
𝐷𝐶𝑦

𝛿𝑦
2

Δ𝑦2) 𝐶𝑖,𝑗
𝑛 +

                       
Δ𝑡

2
(𝐽𝑑𝑦𝑒 + 𝐽𝑏𝑢𝑓𝑓𝑒𝑟 − 𝐽𝑝𝑢𝑚𝑝 + 𝐽𝐶𝑅𝑈 + 𝐽𝑆𝑅 𝑙𝑒𝑎𝑘)  

(
Δ𝑡

2
(𝑘 − 𝐷𝐶𝑦

𝛿𝑦
2

Δ𝑦2) + 1) 𝐶𝑖,𝑗
𝑛+1 = (1 +

Δ𝑡

2
𝐷𝐶𝑥

𝛿𝑥
2

Δ𝑥2) 𝐶
𝑖,𝑗

𝑛+
1

2 +

                       
Δ𝑡

2
(𝐽𝑑𝑦𝑒 + 𝐽𝑏𝑢𝑓𝑓𝑒𝑟 − 𝐽𝑝𝑢𝑚𝑝 + 𝐽𝐶𝑅𝑈 + 𝐽𝑆𝑅 𝑙𝑒𝑎𝑘)  

Similarly, equation (4) becomes 

(1 −
Δ𝑡

2
𝐷𝐷𝑥

𝛿𝑥
2

Δ𝑥2) [𝐶𝑎𝐹]
𝑖,𝑗

𝑛+
1

2 = (1 +

                                                   
Δ𝑡

2
𝐷𝐷𝑦

𝛿𝑦
2

Δ𝑦2) [𝐶𝑎𝐹]𝑖,𝑗
𝑛 −

Δ𝑡

2
𝐽𝑑𝑦𝑒  

(1 −
Δ𝑡

2
𝐷𝐷𝑦

𝛿𝑦
2

Δ𝑦2) [𝐶𝑎𝐹]𝑖,𝑗
𝑛+1 = (1 +

                                                
Δ𝑡

2
𝐷𝐷𝑥

𝛿𝑥
2

Δ𝑥2) [𝐶𝑎𝐹]
𝑖,𝑗

𝑛+
1

2 −
Δ𝑡

2
𝐽𝑑𝑦𝑒  

Simple impermeability is assumed for the cell 

boundaries leading to Neumann conditions 𝜕𝐶/
𝜕𝑛|𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 = 0 on all edges. The models are run for 1 s. 

For the 1D case, a CN Finite Difference approximation 

is used to discretise the governing equations (1,4). In both 

the 1D and 2D cases, equations (2,3) are solved using the 

forward Euler method. Standard parameter values given in 

Tables 1 and 2 are used unless otherwise stated.  

 

3. Results 

3.1. Comparison of the 1D and 2D models 

The 2D model is set to be isotropic (𝐷𝐶𝑥 = 𝐷𝐶𝑦 = 0.2 

and 𝐷𝐷𝑥 = 𝐷𝐷𝑦 = 0.02) with two columns of point 

sources in the middle of the domain. The source strengths 

used are 𝜎1 = 0.19𝜎3 and  𝜎2 = 0.51𝜎3  (Appendix). The 

results obtained are given in Figure 1. The amplitude of the 

cytosolic calcium concentration (A,C) slightly varies, 

while a much greater variation is seen in the sarcoplasmic 

calcium concentration (B,D). 

Another 2D study was performed, replacing the two 

columns of point sources with continuous lines of CRUs 

with the same source strength as that of the 1D case. The 

1D and 2D results were identical. This was an important 

observation indicating that the large difference in SR 

calcium blink amplitude from the 2D to the 1D case is due 

to the spacing between the channels in the transverse 

direction. The dimension reduction also leads to missing 

characteristics from 2D to 1D in the terms associated with 
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the diffusion (in the y-axis) and calcium source. 

 

 
 

 
Figure 1. 2D model results (A,B) and 1D model results 

(C,D) for cytosolic (A,C) and sarcoplasmic (B,D) calcium 

concentration in time. Sensors 1-7 are located at 50, 25, 75, 

12, 88, 99 and 100 𝜇m longitudinally and 9.6 𝜇m in the 

transverse direction for the 2D case. 
[𝐶𝑎2+]𝑆𝑅(∞) = 640 𝜇M, 𝑘𝑓 = 0.00042 ms−1. 

 

3.2.  2D model: anisotropic diffusion 

Figure 2 shows the propagation of Ca2+ wave on a 

rectangular domain. The calcium concentration ranges 

between 0.1 𝜇M and 23 𝜇M. The calcium wave is initiated 

from the middle of the domain where 3 × 9 CRUs are 

activated. Once activated the release lasts for 10 ms in 

which it reaches approximately 16-18 𝜇M (Figure 3.A,B). 

As the concentration increases, the probability of CRUs 

firing increases. The succession of releases forms a 

calcium wave as seen in Figure 2.  

Figure 3 shows the time courses of the concentration in 

the cytosol and SR. Calcium sparks in the cytosol leads to 

a calcium blinks in the SR calcium concentration of ~4 

fold of the cytosolic concentration. In this model, a middle 

slice at 9.6 𝜇m (A,B) and near the upper edge 19.2 𝜇m  

(C,D) are observed. The sparks and blinks at the upper 

edge are observed to be slightly higher for cytosolic and 

slightly less for sarcoplasmic compare to that of the 

middle. This is expected as the concentration increases at 

the boundaries [8]. In this particular simulation, a 

longitudinal velocity of 𝑣𝑥 = 116 𝜇m/s was observed 

which is close to a previously reported value [8] and 

slightly above the physiological value (100 𝜇m/s). 

 

 

 

 

      
Figure 2. Snapshots of the propagation of cytosolic 

calcium for times 12.5, 212.5, 287.5, 362.5, 425 ms (from 

top to bottom). Values on colourbar is in 𝜇M.  

 

 
 

 
Figure 3. Time courses of cytosolic (A,C) and 

sarcoplasmic (B,D) calcium concentrations at the middle 

(A,B) and upper edge (19.2 𝜇m) of the domain. 

The time course of F/F0 
 from the cytosolic calcium 

profiles peaks at approximately 2.6 and shows a pattern 

previously observed in experimental [2,13,14,15] and 

numerical studies [6,14,15]. The normalized spatial 

profiles of CaF is known to have full width at half 

maximum (FWHM) of 1 𝜇m for diffusion based on Fick’s 

law. Here a FWHM of approximately 0.7 𝜇m is observed 

(Figure 4 right). 

A)   B) 

 

 

 

 

 

 

 

 

 

 

C)   D) 

A)   B) 

 

 

 

 

 

 

 

 

 

 

C)   D) 
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Figure 4. 𝐹/𝐹0 indicator dye in time (left) and a spatial plot 

of the normalised CaF (right). 

 

4. Discussion and conclusion 

An anisotropic calcium diffusion model based on the 

two-pool model was presented. Comparison between the 

1D and 2D results reveal that spacing between channels 

along the y-axis trigger a large variation in the SR calcium 

concentration. Further research is needed to clarify the 

level of variation. This also leads us to question whether 

spacing between channels along the z-axis also introduces 

a large variation in the SR calcium concentration. 

Results from the anisotropic diffusion model were also 

presented, where the behavior of the cytosolic and 

sarcoplasmic calcium was observed. The patterns observed 

as well as F/F0 and normalized CaF were as expected. The 

model for the SR calcium concentration requires further 

research to investigate the variation noted earlier as well as 

the effects of varying the duration of blinks on the 

behaviour of calcium sparks and blinks.  

 

Appendix 
 

The numerical conversion for the source strength involves 

the Green’s function obtained from the analytical solution 

of the diffusion problem for each of the dimensional cases 

and convolving this with the Heaviside function. Some 

description on the derivation is given previously [1]. The 

deduced relations for each case are 

𝐶(𝑟, 𝑡, 3) = 𝜎3/(4𝜋𝑤) erf (
𝑤

2√𝑡
) 

𝐶(𝑟, 𝑡, 2) = 𝜎2/(4𝜋𝐷)𝐸𝑖 ( 
𝐷𝐶𝑥𝑦2 + 𝐷𝐶𝑦𝑥2

4𝐷𝐶𝑥𝐷𝐶𝑦𝑡
) 

𝐶(𝑟, 𝑡, 1) = 𝜎1/(2𝐷√𝜋) (2𝐷√𝑡 exp (−
𝑥2

𝐷2𝑡
)

0.25

+ √𝜋 erf (
𝑥

2𝐷√𝑡
)) 

where 𝑤 = √(𝐷𝐶𝑥𝑦2 + 𝐷𝐶𝑦𝑥2)𝐷𝐶𝑧 + 𝑧2𝐷𝐶𝑥𝐷𝐶𝑦 and 𝐷 is 

the geometric mean of 𝐷𝐶𝑥 , 𝐷𝐶𝑦  and 𝐷𝐶𝑧 . Sigma values in 

section 3.1 are 𝜎1 = 0.19𝜎3/𝜇m2, and 𝜎2 = 0.51𝜎3/𝜇m. 

For the anisotropic case (section 3.2) a sigma value of 𝜎2 =
0.59𝜎3/𝜇m is used. 
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