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Abstract

Estimating and visualizing myocardial active stress
wave patterns is crucial to understanding the mechanical
activity of the heart and provides a potential non-invasive
method to assess myocardial function. These patterns can
be reconstructed by analyzing 2D and/or 3D tissue dis-
placement data acquired using medical imaging. Here we
describe an application that utilizes a 3D finite element
formulation to reconstruct active stress from displacement
data. As a proof of concept, a simple cubic mesh was used
to represent a myocardial tissue “sample” consisting of a
10 x 10 x 10 lattice of nodes featuring different fiber direc-
tions that rotate with depth, mimicking cardiac transverse
isotropy. In the forward model, tissue deformation was
generated using a test wave with active stresses that mimic
the myocardial contractile forces. The generated deforma-
tion field was used as input to an inverse model designed to
reconstruct the original active stress distribution. We nu-
merically simulated malfunctioning tissue regions (experi-
encing limited contractility and hence active stress) within
the healthy tissue. We also assessed model sensitivity by
adding noise to the deformation field generated using the
forward model. The difference image between the orig-
inal and reconstructed active stress distribution suggests
that the model accurately estimates active stress from tis-
sue deformation data with a high signal-to-noise ratio.

1. Introduction

Under normal conditions, the heart contracts in response
to electrical waves that propagate through the cardiac mus-
cle, elicit calcium ion release in response to the membrane
depolarization, and cause the contraction of the cardiomy-

ocytes, which, in turn, give rise to the cardiac tissue de-
formations. A wide variety of cardiac conditions manifest
themselves by a lower than normal myocardial contractil-
ity, which, in the long run, leads to heart failure. Such con-
ditions are typically associated with tissue regions whose
viability has been compromised by either inadequate blood
perfusion (i.e., blockage of one or more of the coronary
vessels that supply blood to the myocardium) or malfunc-
tion at the electro-physiological level, leading to abnormal
contraction patterns.

Although often used as a surrogate for function, cardiac
electrophysiology is at least “once removed” from the di-
rect biomechanical response of the tissue. Not all cardiac
conditions that result in reduced cardiac function originate
at the electrophysiology level. Sub-optimal contractions
may occur in response to reduced biomechanical tissue vi-
ability (i.e., the ability to contract normally), rather than
in response to abnormal electrical activity. Such condi-
tions are characterized by poorly contracting myocardial
regions, despite their typically normal electrophysiology.

Ischemic regions, which exhibit diminished contractile
function, are detected using one of several methods: 1) de-
layed contrast-enhanced MR imaging [1]; 2) strain imag-
ing [2–4]; or 3) nuclear metabolic imaging [5, 6]. De-
layed contrast-enhanced MR imaging renders non-viable
tissue regions as hyper-enhanced areas due to the poor
washout of the contrast agent pooling in from the extracel-
lular space [7]. Ischemic regions are identified and clas-
sified according to their size and transmural extent, but
no information is available on the biomechanical viabil-
ity of the tissue (i.e., its ability to generate normal ac-
tive stresses). Strain imaging relies on the processing of
either ultrasound or MR images to estimate deformation
during the cardiac cycle. While this method may point
out hypo-kinetic or dyskinetic segments, their motion is
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compromised by the passive motion of the surrounding,
functional tissue. Lastly, functional assessment by quan-
tifying the uptake of an injected radioactive tracer using
nuclear imaging (i.e., positron emission tomography) tech-
niques helps identify regions experiencing lower than nor-
mal metabolic activity, which may be indicative of reduced
viability. While these techniques have shown some cor-
relation to tissue hypo-perfusion, which, in turn, lead to
speculations regarding tissue viability, none of the above
techniques provide direct estimates of tissue viability (i.e.,
measure of actual force of contraction), but rather surro-
gates based on tissue perfusion, tissue motion or tissue
metabolic activity. Thus, there is a need for a method that
directly quantifies the cardiac biomechanical function at a
larger scale than electrophysiology. Such a method would
enable direct assessment of the biomechanical activity or
work done by the heart, based on the cardiac deformations
and biomechanical tissue properties.

We hypothesize that estimates of myocardial active
stresses reconstructed using computational biomechanics,
given the myocardial deformation field (i.e., extracted us-
ing medical imaging) [8] and mechanical and physiolog-
ical properties of cardiac tissue (i.e., tissue elasticity and
fiber isotropy), will better help reveal the underlying con-
tractile mechanism of the myocardium and assess tissue
viability based on a direct, quantitative measure (Fig. 1)
[9]. Therefore, we propose a technique to estimate the ac-
tive stresses developed within the myofibers as a means to
provide a direct measure of the work output — a direct
quantitative measure of tissue viability [10].

Figure 1. Schematic representation of the proposed
method for active stress reconstruction given the 4D my-
ocardial deformation field (i.e., strain).

2. Methods

Within the larger scope of this work focused on recon-
structing, quantifying and visualizing myocardial active
stresses by solving an inverse biomechanics problem sub-
ject to input cardiac deformations extracted using medical
imaging, this paper resumes to the initial implementation
and validation of the 3D finite element formulation to re-
construct the active stresses from displacement data in re-
sponse to action potential wave propagation in a simple
cubic mesh (Fig. 2) used to represent a “sample” of my-
ocardial tissue consisting of a 10 x 10 x 10 lattice of nodes
featuring different fiber directions that rotate with depth,
mimicking transverse isotropy.

Figure 2. Representation of the synthetic cardiac tissue
model consisting of a 10 x 10 x 10 lattice of nodes featur-
ing different fiber directions that rotate with depth (i.e., in
this case the z−axis), mimicking transverse isotropy.

In the forward model, tissue deformation was generated
using a test wave with active stresses that mimic the my-
ocardial contractile forces. Two of the three components
of the deformation field were used as input to an inverse
model designed to reproduce the original active stress dis-
tribution.

The cardiac biomechanical model we propose is based
on fundamental relationships among the tissue strain (in-
cluding the deformation and contraction of the heart), pas-
sive stress response to the strain, and the active stress pro-
duced by the electrical (action potential) wave. This rela-
tionship is expressed by two equations:

∂
∂XM

[
(TMN (E)+Tactive

MN −pC−1
MN

)
∂xj
∂XN

]
=0, (1)

which expresses force balance among the active and pas-
sive stresses and the hydrostatic pressure, and

det(F )=1, (2)

which, together with the hydrostatic pressure in Eq. (1),
enforces incompressibility [11].

Here XN and xj (N, j = 1, 2, 3), are the coordinates
in the un-deformed and deformed coordinate systems, re-
spectively, TMN (E) is the passive second Piola-Kirchhoff
stress tensor, which depends on the strain tensor E, p is
the local hydrostatic pressure, FjM ≡ ∂xj/∂XM is the
deformation gradient tensor, C = FTF , and T active

MN is the

Page 2



stress tensor due to the action potential induced force gen-
erated parallel to the orientation of the myocardial fibers.

We neglect inertia in Eq (1) because we are interested
only in low-frequency motion and not mechanical waves,
and also assume incompressibility, as we currently have
no reason to believe that the slightly reduced volume of
the tissue due to expulsion of blood from the cardiac mus-
cle during the cardiac cycle plays a substantial role. For
the passive-stress-strain relationship, TMN (E), we use the
hyperelastic Nash-Hunter cardiac model [12].

Equations (1) and (2) form the basis for solving both the
forward problem, in which the active stresses are known
as functions of time and space, and the displacements (i.e.,
the tissue deformations) and hydrostatic pressures pro-
duced by the active stresses are calculated. These equa-
tions can be used to solve the inverse problem, wherein
the active stresses and the hydrostatic pressures are calcu-
lated given the deformations. Solving these equations is
equivalent to applying the principle of virtual work to an
energy integral. Hence we require that the net energy be
zero with respect to virtual displacements in xj , subject to
an incompressibility constraint.

In general, the calculation of active stresses from dis-
placements using Eqs. (1) and (2) is usually an under-
determined problem in more than one spatial dimension.
However, for the heart, the problem is overdetermined, as
shown by Otani et al. in [11], since the active stress is
directed solely along the local fiber direction. Therefore,
since only one component of the active stress tensor in
the local fiber-direction frame is non-zero, the problem is
then overdetermined, and may be solved as a least-squares
problem using the technique described in [11, 13]. More-
over, the substantial reduction in the number of unknowns
not only allows us to find a unique solution, but also af-
fords improved confidence in the solution in the presence
of noise.

3. Results

We have successfully implemented finite element, lin-
earized versions of Eqs. (1) and (2) as both forward and
inverse problems [11] using this technique in rectangular
geometry with stress-free boundary conditions with fiber
directions that rotate in the x − y plane as functions of
the depth z (Fig. 3). Using this implementation, in the
forward model, tissue deformation was generated using a
test wave with active stresses that mimic the myocardial
contractile forces. Two of the three components of the de-
formation field were used as input to an inverse model de-
signed to reproduce the original active stress distribution.

We conducted several simulations to numerically vali-
date our inverse model. First, we tested the algorithm when
no noise was present. Fig. 4 shows the active stress wave
reconstructed using our algorithm using the displacements

Figure 3. Representation of the synthetic cardiac tissue
model consisting of a 10 x 10 x 10 lattice of nodes featur-
ing different fiber directions that rotate with depth (i.e., in
this case the z−axis), mimicking transverse isotropy.

generated by the forward model as input, which is identi-
cal to the the active stress wave prescribed as input into the
forward model.

Figure 4. Forward model and inverse reconstruction of
active stress action potential wave in presence of no noise
at 10 x 10 x 10 lattice node resolution.

To assess model sensitivity to noise, we applied Gaus-
sian noise with a 1% standard deviation to the displace-
ment fields generated using the forward model, then we
used the inverse model to reconstruct the active stress
wave. As shown in Fig. 5, the reconstructed active stress
distribution features a high frequency checkerboard error
pattern, but the overall wave behavior is not compromised.

Lastly, since this method is intended to identify sub-
contractile myocardial regions, we numerically simulated
tissue regions that do not generate active stress. We then
used the displacement fields generated using the forward
model as input into the inverse model to reconstruct the
active stress waves. Fig. 6 shows the “abnormal” tissue re-
gions experiencing low active stress were successfully re-
constructed despite the checkerboard pattern noise. More-
over, a two-fold resolution increase significantly reduced
noise amplitudes, rendering a more clear identification of
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Figure 5. Forward model and inverse reconstruction of ac-
tive stress action potential wave in presence of 1% standard
deviation noise in the node displacement field.

the sub-contractile regions.

Figure 6. Forward model and inverse reconstruction of
active stress action potential wave in presence of sub-
contractile regions at 20 x 20 x 20 node resolution.

4. Conclusions and Future Work

The model accurately estimates active stresses from tis-
sue deformation data with a high signal-to-noise ratio. The
error pattern is expected to follow the Nyquist criterion,
suggesting that model would provide reasonable results at
depicting details that are at least two computation units
in size. Future work entails model implementation us-
ing a more realistic geometry obtained by segmenting the
left ventricle myocardium from clinical quality 3D and 4D
medical images, as well as further reducing noise in the
inverse reconstruction. Furthermore, the algorithm will be
implemented using a high-order, curvilinear left ventricle
mesh that faithfully preserves the geometry and shape of
the anatomy, and also includes fiber architecture.
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