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Abstract

We use popular minimal ionic models - two-variable
Mitchell-Schaeffer model and its modification (Corrado-
Niederer), and four-variable Bueno-Orovio-Cherry-Fenton
model to investigate the possibility to obtain an onset of
ectopic activity in border zones between normal and dam-
aged myocardial tissue. For the simulations of damaged
tissue we use bistable and ultra-long action potentials of
cardiomyocytes. We also present a brief nonlinear analy-
sis of the conditions required for the ectopic activity onset.
We conclude that the appearance of the ectopic excitation
and its location depend on each model propensity of spon-
taneous depolarization.

1. Introduction

Ectopic activity, which is an abnormal excitation in car-
diac tissue, is one of the triggers for dangerous arrhyth-
mia initiation. Recently, the paradoxical onset of ectopic
sources in the border zones between normal and dam-
aged myocardium was reported in experiments with op-
togenetically modified monolayers of cardiomyocytes, ac-
companied by computer simulations and theoretical expla-
nations [1]. The study claims that primary ectopic exci-
tation takes place at the areas of maximal curvature, such
as corners of damaged tissue regions (DR) with ultra-long
action potentials (AP), in which, as stipulated in the pa-
per, the stimulating coupling currents between cells do not
correspond to classical source-sink relationship for suc-
cessful excitation of the neighboring tissue. This effect
was reported for the first time and seems very interesting
for further investigations. In their computer simulations
the authors used some simple phenomenological models
and complex ion-channel models for ventricular myocytes
adapted to represent pathological properties of the DR.

In this study, we use two-variable Mitchell-Schaeffer
(MS) model [2], its modification by Corrado and Niederer
(CN) [3], and four-variable Bueno-Orovio-Cherry-Fenton
(BOCF) model [4] to investigate the possibility to obtain

the paradoxical effect mentioned above in these popular
minimal ionic models. We also reproduce as a reference
the results for simulations with FitzHugh-Nagumo (FHN)
model [5] demonstrated in [1].

We present a brief nonlinear analysis and comparison of
properties of the above models and attempt to clarify the
mechanism of the ectopic activity initiation in the border
zones between normal and damaged cardiac tissue. Our
study can also provide some additional insight into the ori-
gin of triggers of dangerous cardiac arrhythmias.

2. Models

The simulation model setup represents a square area of
normal tissue with small square DR in the center. Excita-
tion front propagates from the right side of the normal area
and, upon passing through the DR, eventually spontaneous
depolarizations may appear near the borders of the normal
and damaged tissue due to the electrotonic interactions in
the presence of large gradients of the trans-membrane po-
tentials. Similar to [1], we implemented two variants of
damaged tissue - with bistable (subscript B) and ultra-long
(subscript L) APs for all models considered.

First, as a reference we reproduced some of the simula-
tion results from [1] using the FHN model:

∂tu = u(u− a)(1 − u) − v + Istim, (1)

∂tv = εFHN (u− γv), (2)

where u is the trans-membrane potential, v is the gate
variable, Istim = D(∂2xu + ∂2yu) is the diffusion term,
and D is the diffusion coefficient. The parameters were
taken similar to that in [1]: a = 0.13 for all AP vari-
ants, for normal AP - εFHN = 0.004 and γ = 1.5, for
bistable AP εFHN = 0.004 and γ = 13, and for long AP
εFHN = 0.00005 and γ = 3.12.

The two-variable MS model and its CN modification
were represented by the following common set of equa-
tions:

∂tu = hu(u−ugc)(1−u)/τin− (1−hc)u/τout + Istim,
(3)
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Figure 1. The FHN model: Bistable (a) and ultra-long
(b) DR APs of uncoupled cells, and snapshots of ectopic
activity with bistable (c) and ultra-long (d) AP variants. In
(a) the APs calculated with different values of γ are shown.

Table 1. Parameters for the MS, CN, and CN-MS models.

Model τin τout τopen τclose ug η
Normal 0.3 6 120 150 0.13 0.001
MSB 0.3 6 120 150 0.60 0.001
MSL 0.6 48 720 1200 0.13 0.001
CNB 0.6 24 240 600 0.13 0.60
CNL 0.6 48 720 1200 0.13 0.001
CN-MSB 0.6 12 240 300 0.40 0.30
CN-MSL 0.6 24 240 1800 0.13 0.001

∂th = εMS(h∞ − h), (4)

εMS = 1/τclose + h∞(τclose − τopen)/(τcloseτopen),

h∞ = (1 − tanh((u− ug)/η))/2,

where h is the gate variable for the inward current, ug is the
activation threshold potential, τin, τout, τopen, and τclose
are the time constants affecting the corresponding charac-
teristic phases of the trans-membrane potential evolution.

Together with ug , the parameter η is responsible for the
cell spontaneous excitation properties. When parameter
η is small enough (η ≤ 0.001) the formulation (4) for
∂th closely corresponds to the original piece-wise func-
tion [2]. Here we use generalized formulation from [6] for
∂th (a = 0 and λ = 0) instead of original piece-wise func-
tion. To allow switching between the models we introduce
the parameter c, with c = 0 for the MS and c = 1 for the
CN models, respectively.

As the CN model has been proved to be robust to the
pacemaker behavior [3], it was interesting to check its per-

Figure 2. The MS model: Bistable (a) and ultra-long (b)
DR APs of uncoupled cells, and snapshots of ectopic activ-
ity with bistable (c) and ultra-long (d) AP variants. In (a)
the APs calculated with different values of ug are shown.

formance in the present simulation setup. We also tested
combined CN-MS model where the CN model represents
normal tissue, and the MS model - the DR.

The parameters for normal tissue, MS bistable (MSB),
MS ultra-long (MSL), CN bistable (CNB), CN ultra-long
(CNL), CN-MS bistable (CN-MSB), and CN-MS ultra-
long (CN-MSL) model variants are presented in Table 1.

For the BOCF model we used original formulation with
the data for epicardial myocytes [4], in which we changed
the values of τ+w from 200 ms to 5000 ms and kso from
2.0458 to 2.4 in order to obtain ultra-long AP in the DR.
It was difficult to implement bistable AP version owing to
the relative complexity of the BOCF model, so we had to
restrict ourselves to the ultra-long AP variant only.

All simulations were performed in 512 x 512 normal
region, and 260 x 260 DR with time step ∆t = 0.02
ms, spatial step ∆x = 0.0625 mm, and diffusion coeffi-
cient D = 0.0154 mm2/ms (for the FHN model all param-
eters were dimensionless). Numerical integration was per-
formed with forward Euler scheme.

3. Results and discussion

The bistable and ultra-long APs of uncoupled model
cells and the corresponding snapshots of the simulated ex-
citation sequences for the models are presented in Fig-
ures 1–5. The results shown in Figure 1 for the FHN model
are practically similar to the ones in [1]. The ectopic onset
for both bistable and ultra-long APs [Figures 1(a) and 1(b)]
took place only from corners of the DR. The activity con-
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Figure 3. The CN model: Bistable (a) and ultra-long (b)
DR APs of uncoupled cells, and snapshots of ectopic ac-
tivity with bistable AP (c) and excitation sequence with
ultra-long AP (d) variants. In (a) the APs calculated with
different values of η are shown.

tinued for infinitely long period of time in the bistable case
and ceased after one cycle for the FHNL [see Figures 1(c)
and 1(d), respectively].

Choosing the proper value of ug for stable AP in the
MSB model, we had to avoid the region where the AP be-
comes oscillatory. Such behavior of the original MS model
has been mentioned in [3] resulting in proposal of its robust
modification (CN). The isolated APs calculated for MSB

with different values of ug are shown in Figure 2(a). The
oscillating behavior appears in the region 0.3 < ug < 0.5,
so ug = 0.6 was selected for further simulations. For both
MSB and MSL variants, the spontaneous frequent excita-
tions originated from the sides of the DR [Figures 2(a) and
2(b)]. We did not observe the excitation from the corners
of DR in both MS models, which can be explained by pre-
mature depolarization from the sides. Such a behavior can
be attributed to the general instability of the original MS
model [7].

For the CN model, we could obtain non-oscillating
bistable AP in DR only by setting the value of η = 0.6
[Figure 3(a)]. The CNB variant demonstrated both cor-
ner and side spontaneous excitations [Figure 3(c)], while
no onset of ectopic sources was observed in the CNL case
[Figure 3(d)].

The combined CN-MS model was considered in order
to enhance stability in the normal tissue region. For the
CN-MSB variant we set η = 0.3 and ug = 0.4 to get non-
oscillating bistable isolated APs in the DR [Figure 4(a)].
Ectopic sources appeared at corners only for the CN-MSB ,
and at both corners and sides for the CN-MSL. Permanent
quasi-chaotic self-excitation patterns inside the DR were

Figure 4. The CN-MS model: Bistable (a) and ultra-long
(b) DR APs of uncoupled cells, and snapshots of ectopic
activity with bistable (c) and ultra-long (d) AP variants.
In (a) the APs calculated with different values of ug are
shown.

Figure 5. The BOCFL model: Ultra-long DR AP of un-
coupled cells (a), and snapshots of excitation sequence (b).

observed for the CN-MSL model as seen in Figure 4(d).
Finally, we were unable to get any spontaneous exci-

tations for the BOCF model with ultra-long AP in the
DR (Figure 5). As the BOCF model was derived from
Fenton-Karma model [8], which had been proved to have
only a unique and stable non-resting steady state [9], we
can suggest that the former model has the same properties
and wherefore does not demonstrate spontaneous excita-
tion ability.

The comparison of the simulation results for all models
and their variants is presented in Table 2.

Figure 6 shows the phase portraits of the uncoupled
bistable APs in the FHNB , MSB , CNB , and CN-MSB

models corresponding to Figures 1(a), 2(a), 3(a), and 4(a),
respectively. The onset of the pacemaker activity observed
in the simulations can be explained as follows. An increase
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Table 2. Comparison of excitation types for the considered models and their variants.

Model FHNB FHNL MSB MSL CNB CNL CN-MSB CN-MSL BOCFL

Corner excitation + + + + +
Side excitation + + + +

Figure 6. Phase portraits of uncoupled APs for the mod-
els: (a) - FHNB with different γ, (b) - MSB with different
ug , (c) - CNB with different η, and (d) - CN-MSB with
different ug . Dashed lines correspond to h∞.

in the parameter η inclines the h∞ curve from vertical and,
in combination with intercellular coupling, may lead to the
appearance of limit cycle in the cells at the DR boundary
[Figures 6(b-d)]. This effect is known as the effect of in-
duced pacemaking [10] caused by electrotonic interactions
between cells with the significant difference in the trans-
membrane potentials [11] or by additional factors, such as
the mechano-electrical coupling [12].

A short video with the results can be found at [13].

4. Conclusions

In this work we studied initiation of the spontaneous ec-
topic activity in the boundary of damaged area using three
popular minimal ionic models. The damaged regions were
represented by bistable and ultra-long APs. We can con-
clude that the appearance of the ectopic excitation depends
on the model properties, in particular, the tendency to pace-
maker activity. In contrast to [1], we observed the onset of
ectopic sources not only at the corners, but also at the sides
of DR, therefore we cannot support the statement that its
occurrence depends on the curvature of the DR boundary.
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