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Abstract

A novel algorithm to separate S2 heart sounds into their
aortic and pulmonary components is proposed. This ap-
proach is based on the assumption that, in different heart-
beats of a given recording, aortic and pulmonary compo-
nents maintain the same waveform but with different rel-
ative delays, which are induced by the variation of the
thoracic pressure at different respiration phases. The pro-
posed algorithm then retrieves the aortic and pulmonary
components as the solution of an optimization problem
which is approximated via alternating optimization.

The proposed approach is shown to provide reconstruc-
tions of aortic and pulmonary components with normalized
root mean-squared error consistently below 10% in vari-
ous operational regimes.

1. Introduction

Measuring directly the pulmonary artery pressure (PAP)
requires invasive procedures, as cardiac catheterization,
which has recently motivated research efforts aiming to in-
fer information regarding the PAP from non-invasive and
less costly measurements. One solution in this direction is
represented by the use of Doppler echocardiography to es-
timate PAP, which is already included in clinical use. On
the other hand, this technique presents a series of limita-
tions, as the need of a specialized doctor to perform the
exam and high error levels for patients with chronic ob-
structive pulmonary disease and patients with normal to
elevated PAP [1, 2].

A convenient alternative to Doppler echocardiography
in inferring information about the PAP from non-invasive
measurements is represented by cardiac auscultation, due
to the low cost and simplicity of performing such exam.
In particular, the analysis of the second heart sound (S2)
can be used to estimate the PAP, by noting that the S2
is originated by the closure of the aortic and pulmonary
valves, and their vibrations. In particular, the sound pro-
duced by the closure of the aortic valve is called the A2
component, whereas the sound generated by the closure of

the pulmonary valve is called the P2 component. Accu-
rate estimation of the PAP requires to handle the A2 and
P2 components of S2 sounds separately [3]. On the other
hand, the separation of the A2 and P2 components of S2
sounds represents a very challenging problem, due to their
large overlap in the time and frequency domain and their
morphological similarity. Moreover, the A2 and P2 com-
ponents cannot be modeled as independent signals, due to
the interaction of the mechanical processes that originate
them. For these reasons, standard methods for blind source
separation such as independent component analysis (ICA)
[4] and morphological component analysis (MCA) [5] are
not suitable to solve such separation problem.

Motivated by these observations, several separation ap-
proaches specifically tailored to the characteristics of S2
signals have appeared in the literature in recent years.
Some of these are based on the assumption that A2 and
P2 components can be modeled via predetermined ad hoc
waveforms, whose parameters are fitted to the observed
S2 sounds. The selected models include transient nonlin-
ear chirp models [1], Gaussian chirplets [6], and Gaussian
windowed sinusoids [7].

Other approaches have recently emerged that refrain
from adopting a predetermined waveform model, using in-
stead the different dynamical behavior of A2 and P2 com-
ponents in different S2 sounds to perform separation. In
particular, the work by Tang et al. [8] leverages the fact
that A2 components usually occupy the same position in
different S2 sounds, whereas P2 components experience a
shift according to the respiration phase of each recorded
S2 sound (i.e., P2 components experience a more signifi-
cant delay from A2 components during inspiration phases
than during expiration phases [9]). Therefore, assuming
that A2 and P2 components keep approximately the same
form (apart from time shifts) in successive S2 sounds, the
A2 components are estimated by averaging over the col-
lected S2 sounds and the P2 components are obtained by
subtraction. Similar assumptions on the dynamic behavior
of A2 and P2 components have been adopted by the ap-
proach presented in [10], which attempts to recover A2 and
P2 components using a joint multivariate Gaussian mixture
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model (GMM) spanning samples extracted from S2 sounds
at different heartbeats. However, this approach requires the
availability of a training set with already isolated A2 and
P2 components, which is difficult to collect in common
clinical practice.

In this work, starting from similar assumptions on the
dynamic behavior of A2 and P2 components in differ-
ent heartbeats, we propose a novel separation algorithm
specifically tailored for the separation of the A2 and P2
components of S2 heart sounds. The proposed method al-
lows for unsupervised inference of the specific shape of the
waveforms associated to the A2 and P2 components from
the data, without defining predetermined, ad hoc wave-
forms. The A2 and P2 components are obtained by defin-
ing the separation problem as an optimization problem on
the shapes and positions of the corresponding waveforms,
which is solved using an alternating optimization method.

In particular, this work proposes a novel separation ap-
proach, specifically tailored for S2 sounds separation, that
involves the following contributions:
1. The proposal of a novel, non-parametric separation al-
gorithm for the S2 sound based on alternating optimization
which leverages the physiological analysis of how A2 and
P2 components are generated in different heartbeats;
2. The analysis of the separation performance of the pro-
posed algorithm and comparison with other separation ap-
proaches based on similar physiological assumptions on a
set of synthetically generated heart sounds.

2. Proposed method

In this section, the proposed approach for the separation
of the aortic and pulmonary components of S2 sounds is
described in details.

2.1. Signal model and setup

We are presented with the observation of a series of M
S2 sounds obtained from a recording of a given patient.
Each S2 sound in the recording consists of the superpo-
sition of two components, the A2 and the P2 component.
The observed signals are assumed to be sampled with sam-
pling period Ts. Moreover, N samples are collected for
each S2 sound.

We assume that the A2 and P2 components in different
S2 sounds of the same recording have the same shape, but
they have different delays, so that we can model the ob-
served S2 sounds as follows:

sm(tTs) = a(tTs − τA,m) + p(tTs − τP,m), (1)

for m = 1, . . . ,M and t = 0, . . . , N − 1.
Then, the objective of the considered source separation

method is to recover a(tTs−τA,m) and p(tTs−τP,m) from
the observation of sm(tTs), for m = 1, . . . ,M .

The proposed separation method is based on the formu-
lation of a least-squares optimization problem whose so-
lution is approximated via an alternating iterative method.
The considered optimization problem is the following:

[â(·), p̂(·), {τ̂A,m}, {τ̂P,m}]

= arg min
a(·),p(·),{τA,m},{τP,m}

M−1∑
m=0

N−1∑
t=0

|sm(tTs)

−a(tTs − τA,m)− p(tTs − τP,m)|2 , (2)

and it aims to minimize the mean-squared error (MSE) be-
tween the S2 observations and the superposition of the sep-
arated A2 and P2 components.

After an initialization step, the optimal solution (2)
will be approximated by an alternating iterative al-
gorithm which alternates between finding the values
{τA,m}, {τP,m} that minimize the MSE, for a given
pair of waveforms a(·), p(·) and finding the signals
a(·), p(·) which minimize the MSE for given sets of de-
lays {τA,m}, {τP,m}, for a fixed number I of iterations.

2.2. Initialization

The initial estimates of waveforms and delays associ-
ated to A2 and P2 components are obtained by applying
the method described in [8], which computes an estimate
of the A2 component by simply averaging the observed
S2 sounds. Therefore, we can write the initial estimate
a(0)(tTs) as:

a(0)(tTs) =
1

M

∑
m

sm(tTs), (3)

where we have introduced the use of the superscript (·)(i)
to denote the estimate of a given delay/function at the i-th
iteration of the algorithm. According to the model used
in [8], the delays associated to the A2 components are the
same in all S2 sounds. Therefore, without loss of gener-
ality, we can assume in our initialization τ (0)A,m = 0 for all
m = 1, . . . ,M .

Then, the values of p(0)(·) and τ (0)P,m are obtained by con-
sidering the signals

sm(tTs)− a(0)(tTs).

Such signals are then aligned via a maximum correlation
method and averaged in order to obtain p(0)(tTs − τ (0)P,0).

Finally, the remaining delays τ (0)P,m are determined comput-

ing the correlation between p(0)(tTs−τ (0)P,0) and the signals
sm(tTs)− a(0)(tTs).
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2.3. Delay estimation

Given the estimates a(i)(·), p(i)(·) of the A2 and P2
waveforms obtained from the i-th iteration of the algo-
rithm, the corresponding delay estimates {τ (i)A,m, τ

(i)
P,m} are

obtained as the solution of the following problem:

[{τ (i)A,m}, {τ
(i)
P,m}]

= arg min
{τA,m},{τP,m}

∑
m

∑
t

|sm(tTs)

−a(i)(tTs − τA,m)− p(i)(tTs − τP,m)
∣∣∣2 , (4)

where it is straightforward to note that the optimization can
be performed independently for the different indexes m.

The solution of (4) is obtained using a greedy approach
that computes the values of the MSE for all possible pairs
of values {τ (i)A,m, τ

(i)
P,m} that are multiple of the sampling

rate Ts and that reside in a physiologically feasible range.
In particular, on noting that the time split between A2 and
P2 components usually ranges between 10 ms and 50 ms
[8], the optimal delay search considers delay values in the
interval [−100, 100] ms.

2.4. Waveform estimation

Given the current delay estimates τ (i)A,m, τ
(i)
P,m, and the

observations sm(tTs), the signal waveforms associated to
the (i+1)-th iteration, a(i+1)(·), p(i+1)(·) are given by the
solution the following optimization problem:

[a(i+1)(·), p(i+1)(·)]
= arg min

a(·),p(·)

∑
m

∑
t

|sm(tTs)

−a(tTs − τ (i)A,m)− p(tTs − τ (i)P,m)
∣∣∣2 . (5)

On assuming that the admissible delay estimates are al-
ways obtained as multiples of the sampling period Ts, the
problem in (5) can be cast as a standard linear least-squares
problem, which is overdetermined when M > 2. The
problem can be expressed in matrix form as follows:[

a(i+1)

p(i+1)

]
= arg min

a,p∈RN

∥∥∥∥s−X(i)

[
a
p

]∥∥∥∥2
2

, (6)

where the vector a ∈ RN contains the samples of the sig-
nal a(·), the vector p ∈ RN contains the samples of the
signal p(·), and the vector s ∈ RM ·N contains the samples
of the signals sm(·) for m = 0, . . . ,M − 1. The matrix
X(i) ∈ RM ·N×2N is formed byM×2 blocks of dimension
N ×N , each containing a “shifted version” of the N ×N
identity matrix, where the values of such shifts depend on
the delays τ (i)A,m and τ (i)P,m.
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Figure 1. Separation performance over synthetic S2
sounds. Separation NRMSE vs. maximum A2-P2 split.

When the matrix X(i) has full column rank, the corre-
sponding linear least-squares problem (6) has a unique so-
lution which is given by[

a(i+1)

p(i+1)

]
= (X(i))†s =

(
(X(i))TX(i)

)−1
(X(i))Ts,

(7)
where (·)† is the Moore-Penrose pseudoinverse.

3. Numerical results

In this section, numerical results obtained with synthetic
heart sound signals are shown in order to validate the pro-
posed method and to compare its separation performance
with that of the methods described in [8] and [10], which
rely on a similar set of assumptions regarding the variabil-
ity of A2 and P2 components in different S2 sounds.

These results are obtained considering synthetic signals
generated using the model described in [7]. In particular,
S2 sounds are obtained as the superposition of A2 and P2
components modeled via Gaussian windowed sinusoids.
In all the reported results, the proposed alternating opti-
mization method is run with a fixed number of iterations,
I = 10, and separation results are averaged over 40 ran-
domly generated heart sound recordings, each containing
40 heartbeats.

First, the separation algorithms are tested when varying
the maximum value of the A2-P2 split, i.e., the distance
between the two components in a given S2 sounds. In par-
ticular, Fig. 1 contains the normalized root mean-squared
error (NRMSE) values obtained by the proposed separa-
tion algorithm and the methods in [8] and [10] when gen-
erating synthetic S2 sounds for each heart sound recording
with A2-P2 splits drawn from a uniform distribution over
the interval [0,∆max] ms, for different values of ∆max.

As expected, all the considered methods achieve better
separation results when the temporal separation between
the components of S2 sounds is larger. On the other hand,
the proposed approach clearly provides significantly more
accurate reconstructions for all considered values of ∆max.

The robustness of the considered separation approaches
is also tested for the case when the recorded S2 sounds do
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Figure 2. Separation performance over synthetic S2
sounds. Separation NRMSE vs. SNR.

not perfectly satisfy the modeling assumptions described
in Section 2.1. In particular, the generated A2 and P2 com-
poments are contaminated with independent additive white
Gaussian noise (AWGN) at different signal-to-noise ratio
(SNR) levels. Note that the presence of such distortion im-
plies that A2 and P2 components in different heartbeats of
the same recording are not exactly modeled via shifted ver-
sions of the same waveforms. Fig. 2, reports the separation
NRMSE obtained with the two considered separation algo-
rithms for different SNR values and for ∆max = 40 ms.

Also in this case, the proposed approach guarantees bet-
ter reconstruction performance than the method in [8] for
all the range of considered SNR values. This results is pos-
sibly explained by the increased flexibility of the proposed
approach modeling assumptions which do not impose per-
fect alignment of A2 sounds in all the observed S2 record-
ings. On the other hand, for low SNR values, the approach
in [10] achieves better performance, but this is obtained at
the expense of the use of annotated training data to fit the
GMM used for reconstruction.

4. Conclusion

In this work, we have presented an unsupervised source
separation algorithm specifically designed to identify A2
and P2 components from S2 recordings. The proposed ap-
proach has the advantage of refraining from using prede-
fined waveform shapes to fit aortic and pulmonary com-
ponents. The reconstruction of A2 and P2 components is
defined in terms of an optimization problem whose solu-
tion is approximated via alternating optimization.

The proposed separation method is shown to provide
more accurate and robust reconstructions of aortic and pul-
monary components than other approaches formulated on
similar premises, when tested over synthetic heart sounds.
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