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Abstract

We study, if mechanisms for the generation of fibrilla-

tion patterns observed recently in studies of the FitzHugh–

Nagumo (FHN) model can be seen also in the model of

Bueno-Orovio, Cherry and Fenton (BOCF), that has been

adapted specifically to the atrial electrophysiology. The

mechanisms are associated with the interference of two

spatially separated pacemakers that are connected by a

small bridge of the conducting tissue. One of the two pace-

makers represents the sinus node, while the second one

represents a self-excitatory source in the left atrium, as an

ectopic focus or microreentrant circuit. In the FHN model,

three different types of irregular patterns are observed and

which type occurs depends on the frequency ratio of the

two pacemakers. However, only one of these types is ob-

served in the BOCF model. Particularly interesting is the

fact that the strength of the irregularity is determined by

the sinus node frequency. This may be an explanation why

AF is typically intermittent at its beginning.

1. Introduction

Atrial fibrillation (AF) is a not life-threatening arrhyth-

mia of the heart but accounts for one third of all hospital-

izations caused by heart arrhythmia in the industrialized

countries [1]. It has strong side effects like a strongly in-

creased risk for stroke or other heart diseases. Particular

spatio-temporal patterns of the electric potential, like spi-

ral waves or ectopic foci, often located in the left atrium

[2], are thought to be underlying generating mechanisms

of AF [3]. The irregular excitation states, which are char-

acteristic of AF, are often observed in the right atrium [2].

we could show in [4] we could show that the perturbation

of waves, generated by a primary pacemaker representing

the sinus node in the right atrium, by waves emanating

a secondary pacemaker, comparable to the self-excitatory

sources in the left atrium, can cause irregular excitation

patterns in the FitzHugh–Nagumo (FHN) model [5]. The

FHN model is a simple model of action potential propaga-

tion, based on an activator-inhibitor mechanism, and does

not reflect the atrial electrophysiology. To test if this per-

turbation of one pacemaker by another one can be a possi-

ble generating mechanism of AF, we perform calculations

of the model of Bueno-Orovio, Cherry and Fenton (BOCF)

[6] with parameters adapted to the atrial electrophysiology

[1], and compare these with the results obtained for the

FHN model.

2. Methods

Both, the FHN model and the BOCF model, describe

excitable media via an inhibitor-activator mechanism and

allows one to investigate the spatio-temporal evolution of

electric excitations in the heart. When combined with a

spatial diffusion term, the FHN equations are
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The variable u is roughly associated with the membrane

potential and the variable v with the ion currents through

the cell membrane. The values u = u0 = 1.2 and v =
v0 = −0.6 denote the resting state. Parameter a affects the

length of the refractory period, b influences the stability of

the resting state, and c controls the excitability and strength

of the cells’ response to a stimulus. The set of parameters

D = D0 = 0.1, a = a0 = 0.7, b = b0 = 0.6, and

c = c0 = 5.5 is considered as the normal, physiological

state in the following.

The BOCF model is more complex by involving four

state variables, whose time evolution is given by:
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with the currents

Ifi = −v (u − θv) (uu − u)H(u − θv)/τfi

Iso = (u − uo) [1 − H(u − θw)]/τo + H(u − θw)/τso

Isi = −w sH(u − θw)/τsi . (3)

The variable u can be converted into the cellular trans-

membrane potential (in mV ) by V = 85.7u − 80.9. The

fast, inward current Ifi represents the sodium current, the

slow, inward current Isi stands for the calcium current and

the slow, outward current Iso represents the potassium cur-

rent. H(x) is the Heaviside-function. The gating variable

v regulates Ifi and the gating variables w and s regulate

Isi. Due to these three gating variables the model exhibits

restitution properties of typical heart cells and the typical

spike-and-dome shape of cardiac action potentials. The

resting state is given by u = u0 = 0, v = v0 = 1, w =
w0 = 1 and s = s0 = 0 and the parameters, representing

physiological, atrial cell properties were taken from Weber

[1].

The calculations are carried out on a two-dimensional

simulation area. The simulation area is of size 21 × 10
and divided into three regions: the rectangular area with

0 ≤ x ≤ 10, 0 ≤ y ≤ 10 represents the left atrium, the

rectangular area with 11 ≤ x ≤ 21, 0 ≤ y ≤ 10 represents

the right atrium, and the small bridge B with 10 < x < 11,

4 < y < 6, representing the fast conducting pathways

between the electrically isolated atria as the Bachmanns

Bundle or the cristae terminales. The boundaries, which

confine the barrier between the left and the right region

and of the simulation area, are of von-Neumann type.

The pacemaker in the right region, representing the si-

nus node, will be called the primary pacemaker in the

following and the waves emanating it are called primary

waves. The pacemaker in the left atrium is named sec-

ondary pacemaker and the waves generated by it are called

secondary waves. We focus on situations where the sec-

ondary pacemaker in the left atrium is located far outside

the left part of the simulation area, so that the resulting

wavefronts become “planar” (linear). In the simulation

they are generated by application of a stimulating current

with the perturbation frequency fpert in the region x ≤ 0.5
and 0 ≤ y ≤ 10. The primary waves are generated by the

application of a current with the pacing frequency fpace in

the region 11 ≤ x ≤ 21 and y ≤ 0.5.

To solve the two nonlinear coupled partial differential

equations (1) of the FHN model we use the finite ele-

ment method (FEM) with a triangulation consisting of

66049 nodes and 131072 triangles, and a constant integra-

tion time step ∆t = 0.01. The nonlinearity u3(~x, t) in

Eq. (1) is treated as an inhomogeneity, which means that

for u(~x, ti) the value u(~x, ti−1) of the preceding time step

is used. For the solution of the BOCF model we apply the

cardiac simulation tool acCELLerate from the Institute of

Biomedical Engineering of the KIT [7], which solves the

four coupled nonlinear partial differential equations with a

finite differences method (FDM) with constant integration

time step ∆t = 10−5s and a space discretization length

∆x = 0.1mm.

The irregularity of the excitation patterns is character-

ized by the order parameter R [8], which quantifies the

phase coherence in the system. For each element j of

the discretization grid we can associate to the potential

uj(t) an unique imaginary part ũj(t) by Hilbert transfor-

mation, see, e.g., for details [9], and accordingly a phase

φj(t) = arctan( ˜uj(t)/uj(t)). The order parameter is then

given by:
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where N is the number of grid points. If the difference

|(R(fpace, fpert)−R(fpace, 0))|/R(fpace, 0) ≈ 0, then no

irregularity is observed. R(fpace, 0) describes the undis-

turbed case with the primary pacemaker only. An increase

in ∆R is a deviation from the undisturbed case and thus

quantifies the irregular states.

3. Results

Both temporal and spatial irregularities were found for

the FHN model for certein regimes of the pacemaker

frequencies. Temporal irregularities are associated with

unsuccessful activations during the refractory period and

changes in the action potential shape. Spatial irregularities

are associated with wave breaks and the possible evolution

of reentries. With respect to the spatial irregularity, three

different types could be distinguished in the FHN model.

Type I is caused by the detachment of the primary waves

from the lower bridge at a point close to the bridge in the

right atrium. This results in an open end of the primary

waves, which evolve into reentrant patterns in the upper

part of the right atrium. These reentrant waves always

occur for sufficiently high pacing frequency fpace inde-

pendent of the perturbation frequency fpert. We suppose,

however, that the relevance of type I irregularity for the

generation of AF is quite low, since fpace has to higher

than the typical frequencies of the sinus node.

Type II is induced by the detachment of the secondary

waves from the upper part of the bridge and occurs in the

FHN model, if the perturbation frequency becomes higher

than a certain threshold fc. Reentrant patterns are ob-

served, which can evolve into stable or meandering spiral

waves in dependence of fpert, if both pacemaking activi-

ties are suspended. The relevance of the irregularity type

II for the generation of AF might be high, since ectopic

foci and microreentrant sources observed in the left atrium

often have quite high frequencies of up to 11.7Hz [2].
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Figure 1. Time evolution of irregular excitation pattern type III in the FHN model (a-d) and in the modified

BOCF model (e-h). Variable u is shown color coded with the excitable state red (a-d) and blue (e-h) and the

excited state in blue (a-d) and green (e-h). Note that −uFHN behaves like uBOCF.

Type III occurs if the perturbation frequency is lower

than the threshold fc but still higher than fpace. In this

case the secondary waves ’repel’ the primary waves and

enter the right part of the simulation area as circular waves,

due to the influence of the bridge. Thus lines along x for a

constant y (y 6= 5) are activated successively with increas-

ing x. This results in a phase shift along x for a constant

y. The primary pacemaker, which activates simultaneously

the lower boundary of the right atrium, can generate thus

only wave fragments, or is suppressed totally, due to the

distribution of activation states along x. These wave frag-

ments partly evolve into reentrant patterns, which can be

stable spiral waves, if both pacemakers are disabled. This

type of irregularity evolves always, if fpace < fpert. The

difference fpert−fpace only influences the transition time,

after which the irregularity is observed. The increase of the

frequency measured in the right part of the simulation area

compared to the pacing frequency is the highest for irregu-

larity type III, up to 3.5 times the pacing frequency. Irreg-

ularity type III might be also a possible generating mecha-

nism of AF as it is often observed that the frequency of the

pacemaking sites in the left atrium show higher frequen-

cies than the sinus node [2].

To test if these three types of irregular patterns are also

observed in a model with more realistic atrial electrophys-

iology, calculations of the BOCF model with a specific

adaption of parameters to the atrial electrophysiology [1]

are performed. Irregularities of type I and type II are not

observed in the BOCF model, since the detachment of

waves from the bridge found in the FHN model is not oc-

curring in the BOCF model. We believe that this is due

to the different restitution properties of the two models, in

particular with respect to the action potential shape, am-

plitude and refractory period. As described by Starobin et

al. [10] the detachment of waves from sharp corners can

occur if the safety factor SF becomes zero. This safety

factor SF is the difference between the available charge to

yield an excitation of the adjacent tissue in the resting state

and the required charge of the adjacent medium. It tends to

zero for high frequencies at the sharp corner, since the high

pacing leads to a reduced excitability of the tissue. The

reduction of excitability in dependence of the frequency

thus determines a critical frequency, for which detachment

occurs. The restitution properties of the tissue, in particu-

lar the reduction of the action potential amplitude, define

the dependence of the reduction of excitability on the fre-

quency.

Irregularity of type III is observed also in the BOCF

model. In fig. 1 the time evolution of the excitation pat-

terns for irregularity type III is shown for both models.

In both models wave fragments are generated by the pri-

mary pacemaker due to the phase shift in x-direction at

constant y. In contrast to the results of the FHN model,

however, the BOCF model generates a curling of the wave-

front only, but no reentrant patterns. This is caused by the

much broader action potentials in the case of atrial electro-

physiology compared to the action potentials in the FHN

model. Thus the open end of the wave fragment starts to

curl but collides with its refractory tail and is thus extin-

guished.

In the FHN model the strength of irregularity for type

III, quantified by the order parameter ∆R, depends on

the pacing frequency fpace as shown in fig. 2 for differ-

ent pacing frequencies. With increasing pacing frequency

the order parameter ∆R decreases, indicating a reduced

irregularity in the system. Thus the pacing frequency can

have stabilizing effects, suppressing irregular patterns. If

the pacing frequency is increased further, not shown, this
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Figure 2. Dependence of ∆R on the perturbation fre-

quency fpert in the FHN model for different pacing fre-

quencies. The numbers at the curves denote the value of

fpace.

effect vanishes and even more irregular patterns are ob-

served.

4. Discussion and conclusions

In the BOCF model the detachment of waves from the

bridge does not occur and thus irregular patterns of type I

or II are not observed, possibly due to the different resti-

tution properties compared to the FHN model. It has to

be further explored in future studies, what exactly prevents

the waves from detaching from the corners. If under some

circumstances the electrophysiology of the atrial cells is

changed in a way that their restitution properties become

more similar to the FHN restitution properties, the detach-

ment of waves from the sharp corners combined with the

interaction of two pacemakers might become more rele-

vant in generating irregular patterns. Thus calculations

with, e.g., remodelled tissue, i.e. tissues with changed

properties due to the ongoing AF, can yield quite differ-

ent results.

The mechanism yielding type III irregularity can be rele-

vant for the generation of AF. It yields a perturbation of the

propagation of the sinus node waves, but no wave breaks or

reentrant patterns occur, and the frequency is only slightly

increased in the right part of the simulation area. The ques-

tion, under which circumstances reentrant patterns occur

also in the BOCF model, still needs to be clarified. A

change in the pacing (sinus node) frequency can enhance

or suppress the generation of irregular patterns for type III

irregularity, which could give an explanation for the often

intermittent occurrence of AF in its initial stadium.
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