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fibrillations, they provide valuable insights into the
initiation and maintenance of the reentry in the human
heart (1-5). The spiral waves can be caused by anatomic
reentry (6-8) or functional reentry (3-4, 9). In either cases,
an action potential continuously propagates into
recovered tissue and rotates around a central core of
excitable but unexcited tissue (10-11), it can break down
into multiple reentrant waves which may be the cause of
atrial and ventricular fibrillations. To locate the core of
multiple reentrant waves is necessary for understanding
of the initiation, termination and interaction of spiral
waves (12).
When a wavebreak occurs through the interaction of
the wavefront with anatomical or functional obstacles, a
phase singularity (PS) appears, which is defined as a
point whose phase is undefined, but is surrounded by the
whole range of phases from - to
(12). The
identification of PS is essential for analyzing the
mechanisms underlying fibrillation in experimental or
numerical models.
Previous studies have been performed the location of a
numerically simulated filament in various ways (13-16),
and many researchers have proposed different approaches
to identify the location of PS, in which two methods are
often used, one by Fenton and Karma (13) and the other
by Iyer and Gray (14). Many refined algorithms based on
the second method have been developed.
In this study, we propose a refined method based on
Iyer and Gray (14), and then used it to locate the phase
singularities (PSs) for several reentrant wave cases. In
addition, the proposed method is compared with the
method by Fenton and Karma (13) in performances of
efficiency, accuracy and parameter sensitivity.

Abstract
Cardiac arrhythmias can be sustained by a number of
reentry waves, which continuously propagates into
recovered tissue and rotates around a central core. In
experiments, the reentry waves are usually recorded in
two dimensions and the phase singularity (PS) is used to
quantitatively study the complex spatiotemporal patterns
of fibrillation. In this paper, we propose an automatic
method to identify the PS in two dimensions. With the
cardiac reentry simulations, the efficiency, accuracy and
parameter sensitivity of the proposed method were
studied and compared with two commonly used methods.
The results showed that the proposed method is more
time-saving and less parameter sensitive than the
previous methods. Furthermore, the detecting progress of
the proposed method is automatic and can accurately
detect the PSs without changing any parameters for
different heart cell models, which is especially important
for 3D whole heart simulation, since a lot of different cell
types exist in the heart.

1.

Introduction

Heart excitation is initialized at sinoatrial node and
propagated along the electrical conduction system. In the
abnormal situations, if there exists an anatomical obstacle,
for example, a reentry or spiral waves may be raised, and
thus tachycardia or even fibrillation may be produced.
Evidences have shown that the transition from
tachycardia to fibrillation is a transition to spatiotemporal
chaos, with similarities to the quasi-periodic transition to
chaos seen in fluid turbulence. Spiral-wave reentry could
be unstable, and spiral waves can break up to form
multiple spiral waves, which are similar to wave fronts
observed during cardiac fibrillation. Movement of
multiple spiral waves and their cores (phase singularities,
PSs) is very complex, and can only be explained and
investigated by nonlinear dynamics and chaos theory.
Spiral waves have been extensively studied for their
importance in understanding atrial and ventricular
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2. Materials and methods
2.1. Computer simulation
excitation propagation

of

cardiac

The monodomain model (17) was used to study the
propagation of action potential (AP), it was expressed by
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the following partial differential equation,
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P

(1)

where Vm is the transmembrane voltage, D represents the
diffusion coefficient, Cm is the membrane capacitance,
and Iion is the sum of ionic currents. In order to test our
method for PS location, we used two cell models to
represent the Iion, one is the human atrial appendage cell
model developed by Seemann et al (18) and another is
atrial fibrillation-induced electrical remodeling (AFER)
cell model (19).

The proposed method is based on the spatial
distribution of phase proposed by Iyer and Gray (12, 14).
In computer simulation or experimental research, the AP
of cardiac fibrillation is usually recorded at a constant
time step ∆t, which is discrete, therefore, the series AP of
cardiac fibrillation can be represented as V(n∆t) (n =
0,1,2,3,…). The spatial distribution of transmembrane
potentials is converted into the distribution of phase
which can be calculated from the potential of V(n∆t) and
V((n∆t+ ) ( is often chosen as a value between 2ms to
25ms) (14, 20), then the phase can be expressed as

t

according to the reference (13), Vm=Viso and dVm/dt=0 can
be rewritten as
(1 − m)(1 − n)Vit, j + m(1 − n)Vit+1, j + mnVit+1, j +1 + (1 − m)nVit, j +1 = Viso

(5)
(1 − m)(1 − n)Vit, +j 1 + m(1 − n)Vit++1,1 j + mnVit++1,1 j +1 + (1 − m)nVit, +j +11 = Viso

(6)
If equations (5) and (6) have a solution with
0 ≤ m < 1 and 0 ≤ n < 1 , there exits filament in the
square. In our simulation, if point (i, j) satisfied the
equation (5) and (6), we choose this point as the filament,
the remaining points were detected in the same way.
The second method we used for PSs location was
proposed by Fenton and Karma (13), it was defined as the
intersection point of the lines Vm=Viso and dVm/dt=0,
Viso was a constant membrane potential which can be
chosen arbitrarily, but different values would influence on
the accuracy of tip tracing.

(2)
where (Vref,x,Vref,y) is the original point which should be
chosen carefully, the inappropriate selection will make
the PSs located inaccurately, and even get the wrong
results.
There are many methods have been developed to select
Vref,x and Vref,y (14, 16, 21). Firstly, we randomly selected
the AP distribution of cardiac fibrillation at time n∆t and
n∆t+ . Then the state space was constructed by plotting
V(n∆t) against V(n∆t+ ). After that, randomly selected
several points from the state space and used the direct
least-square method to fit these points to an ellipse form
(16) , then the average value was chosen as Vref,x and Vref,y.
Once the Vref,x and Vref,y were gotten, the AP was
translated into the phase space θ (t ) by Eq. (2), and the
PSs can be computed as follows:

P

⎩

0⎞
⎟
0⎠

and Vi , j represents the potential of point (i, j) at time t,

θ (t ) = arctan 2[V (nΔt + τ ) − Vref , y ,V (nΔt ) − Vref , x ]

⎧±2π

−1 ⎞
⎟
0⎠

The second method we used for PSs location was
proposed by Fenton and Karma (13), it was defined as the
intersection point of the lines Vm=Viso and dVm/dt=0, Viso
was a constant membrane potential which can be chosen
arbitrarily, but different values would influence on the
accuracy of tip tracing. In 2D simulation, the time and
space was discrete, for the time discrete, we use t repents
the current time, t+1 repents the next time, for the space
discrete, the cardiac tissue was discrete as M×N points,

2.2. Methods for tracing phase singularities

∫ ∇θ • dr = ⎨0

(4)

3.

Results

We used a cross-field protocol to initialize the reentry
of cardiac excitation propagation. The size of square in
our simulations was 400×400 and the spatial resolution
was 0.1mm, the time step was 0.1ms. The first voltage
stimulus was added at one edge of the square for 1ms
with the strengthen 10mv, sometime later, another voltage
stimulus was added at the half bottom of the square for
1ms with the strengthen 20mv. After a sufficient time, the
spiral wave broke up into fibrillation.
We used two methods to detect the PSs in cardiac
reentry simulation, one is our refined method based on
the spatial distribution of phase proposed by Iyer and
Gray (12, 14) (Method I hereafter), another is the method

if P encloses a phase singularity;
otherwise.

(3)
The line integral is taken over path r on a closed curve
P, if the phase difference is equal to ±2 , the path
encloses a PS. For discrete space, the line integral of Eq.
(3) at point (x, y) can be calculated by the following
convolution operation,
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Figure 1. The PSs detecting using the using the Fenton
and Karma method (13) at time 6500ms after the
initiation of reentry. (a) The results of using different
Viso and same time delay , (b) the results of using same
Viso and different time delay.

Figure 2. Phase distributions in different time. (a) The AP
distribution at one time, (b) the number of PSs in different
time delay, (c) to (f) showed the PSs locations and the AP
distributions at different time of 2ms, 5ms, 20ms and
21ms.

proposed by Fenton and Karma (13) (Method II hereafter).
The results have shown that both methods can identify the
PSs, but they have different time-consuming, accuracy,
adaptability and stability. In Method I, the most time
consuming step is calculating the reference AP, in our
simulation, it cost about 36 seconds on a personal
computer with Intel(R) Core(TM) i7 CPU 920 @
2.67GHz and 12 GB system memory, after the reference
AP is obtained, it is used to calculate PSs of all images,
and tracing one image cost about 0.05s. In Method II, in
order to find PSs in one image, equations (5) and (6) must
be calculated in each point throughout the image, since
they are nonlinear equations, it is more time consuming,
in our simulation, tracing one image need about 0.5s,
furthermore, the more PSs in one image, the more time
will be needed. So, in the viewpoint of time consuming,
Method I is better than Method II.
For the method proposed by Fenton and Karma (13),
we chose the value Viso from -10mv to -70mv and the
step is 1mv, the value of time delay from 1ms to 40ms
and the step is 1ms. Figure 1 showed the results of PSs
location with different Viso and . Figure 1(a) showed the
results that with the same time delay , but different Viso.
We can see that the number of PSs was six, the value of
Viso bigger than -26mv and smaller than -45mv can not
accurately locate the PSs. If Viso was too small, the
number of PSs is correct, but the location of PSs was not
accurate. If Viso was too big, the additional points which
were not PSs were detected, furthermore, some of the PSs
were not detected. Figure 1(b) showed the results of using
the same Viso and different time delay , when Viso was
chosen as -26mv, the time delay varying from 8ms to
40ms can get good results.
The time delay has effect on the location of PSs.
Therefore, in our simulation, we chose time delay from
2ms to 50ms, and the results were shown in figure 2.
Figure 2(a) was the original AP distribution of fibrillation.

Figure 2(b) displayed the detected PSs in each of figure
2 (a). When was within the range of 5ms to 20ms, the
PSs can be detected accurately (see figure 2(d) and (e)),
otherwise, some wrong PSs would be detected (see figure
2(c) and (f)).

4. Discussion and conclusions
In Method I, the simulation results show that our
method is not parameter sensitive to the selection of time
delay, it can varies from 5ms to 20ms freely. When we
chose the same time delay ( =10ms) in the two AP
models used to form different fibrillations, the results
showed that the PSs could be accurately detected.
In Method II, we must set Viso and to calculate the
PSs, our simulation results show that the value selection
of Viso and is important for the accuracy. Viso should
not be too small or too big, -45mv ~ -26mv could get idea
results. Furthermore, the time delay must be chosen
carefully when changing Viso. In some cases, no matter
what Viso and time delay
were chosen, the PSs
detection results were not satisfied.
For different cell models, Method I is robust and can
accurately detect the PSs without need changing any
parameters, but Method II has different results for
different cell models. For atrial appendage cell model,
Method II is not robust and cannot accurately detect the
PSs in all images. For AFER cell model, Method II can
accurately detect the PSs in most of the images, but in
some images the parameters must be changed so as to
correctly detect the PSs.
Human heart has different cell types. Since Method II
is sensitive to parameter selection, and for different cell
types it needs to change the Viso or time dalay , if it is
used in the 3D human atrial fibrillation simulation,
Method II may be not suitable. In the near future, we will
use our method to detect the PSs in 3D human atrial
475

fibrillation simulation.
In all, we have used an anatomically detailed atrial
model containing major conduction bundles and fiber
orientation to simulate AF. The simulation results showed
that re-entry waves could be initiated using the controlled
state cell models if the electrophysiological heterogeneity
exists in atria tissue, the APD restitution does not play the
main role in the areas where the tissue heterogeneities are
high. Fiber orientation is very important in sustaining of
re-entry waves in the ectopic focus stimulation.
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