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electrocardiography prior to the clinical procedure could
be used as guidance to plan the ablation procedure.
Previous studies on inverse problem resolution during
AF have shown paradoxically simple activation patterns
[5,6], which do not correspond with the complex
propagation patterns recorded epicardially [7] and which
have not been validated by using simultaneous
intracardiac data. Recently we have described the
mechanisms by which the estimation of detailed voltage
and phase propagation patterns during AF from
noninvasive recordings may be limited [8]. For these
reasons, the acceptance of the inverse-problem resolution
as a guidance for AF ablation is still controversial.
In this article, we aim to compare AF source
estimation by non-invasive DF maps reconstruction by
solving the inverse problem of the electrocardiography
and the more commonly used phase and voltage maps
reconstruction, determining the noise sensitivity and their
percentage error.

Abstract
Ablation of sources identified by dominant frequency
(DF) or phase analyses in patients with atrial fibrillation
(AF) is proposed as a therapy to terminate the
arrhythmia. The aim of this study was to evaluate noninvasive identification of AF sources by solving the
inverse problem. Realistic mathematical models of atria
and torso anatomy with different DF patterns of AF were
used. For these models inverse-computed electrograms
EGMs were compared to intracardiac EGMs in terms of
their voltage, phase and frequency spectrum errors. In
models without added noise, atrial spectrums were
estimated with lower relative errors than phases (3.8±3.8
vs 41±17 % respectively, p<0.01) and after noise
addition differences between relative errors of spectrums
and phases were more pronounced (5.5±4.1 vs 48±14 %,
respectively p<0.01). Non-invasive location of the highest
DF during AF showed a better accuracy than in the
phase and voltage domain, being a promising clinical
tool for identification of sources prior to ablation.

1.

Introduction

Methods

2.1.

Inverse problem resolution

In order to obtain the potentials on the heart surface
from the potentials recorded non-invasively from the
torso surface of the patient, we solved the inverse
problem of the electrocardiography based on the
Boundary Element Method (BEM).
According to the BEM formulation [9,10], potentials
on the surface of the torso can be computed from
potentials on the heart surface by using (1)-(3):

Atrial fibrillation (AF) has a great clinical impact in
morbidity and mortality in developed countries [1].
Treatment with antiarrhythmic drugs is not always
effective and has many secondary effects. These
limitations have led to the development of new
therapeutic strategies, such as radiofrequency ablation
with current success rates in arrhythmia control of 50 to
80 % [1]. Among different radiofrequency ablation
strategies, ablation of high frequency sources has proved
to be particularly effective in case that these high
frequency sources can be identified [2]. These high
frequency sources are usually located near the pulmonary
veins (PVs) [3] but they can be located anywhere in the
atria [4]. A non-invasive identification of these high
frequency sources by solving the inverse problem of the
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where ΦA is the potential on the surface of the atria, ΦT is
the potential on the surface of the torso, ΓA is the potential
gradient in the atria, DTA and DAT are the potential transfer
matrices from the torso to the atria and from the atria to
the torso respectively, and GTA and GAT are the potential
gradient transfer matrices from the torso to the atria and
from the atria to the torso respectively.
The inverse problem could be solved by computing the
inverse of matrix M (M-1). However, M is ill-conditioned
and, in order to overcome the ill-conditioned nature of M,
the system needs to be regularized. We accomplished this
regularization by using zero-order Tikhonov’s method,
which consists of a minimization problem, according to
Equation 4:
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veins or the sinus node, depending on the desired pattern.
A rectangular shape stimulus S2 was applied 70 ms after
the last S1 stimulus with a duration of 2 ms in the same
S1 pacing site, inducing the AF. The model incorporated
an extra potassium current, the acetylcholine (ACh)
potassium current (IKacg). This current produces a
shortening in the action potential which favors the
occurrence of arrhythmic behavior and the presence of
different activation frequencies [2].
Mathematical computations were performed by using
an adaptive time-step solver on a Graphical Processing
Unit [14]. Transmembrane potentials were computed for
a simulation time of 5 seconds after stabilization of the
model and were resampled to 1 kHz.
Simulated electrograms (EGMs) (i.e. 5988 signals for
the realistic atria) were calculated by using
transmembrane potentials generated by the cellular
mathematical model [12]:

(4)

where λ is a regularization parameter that we
automatically obtained by the L-curve method [11] and B
is a spatial regularization matrix, which is the identity
matrix in zero-order formulation. Therefore, the inverse
problem can be solved by using Equation 5:
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where is the distance vector between the measuring
point and a point in the tissue domain (r is the euclidean
distance -1 mm-), denotes the gradient operator, and Vm
is the transmembrane potential.
Body surface potential signals were computed on the
outer surface from EGMs by solving the forward problem
with the Boundary Element Method [9,10]. Specifically,
ECGs on a realistic torso model with 771 nodes and 1538
faces were estimated [15]. Simulated ECGs were used to
estimate the inverse computed epicardial electrograms
(icEGM) by solving the inverse problem of the
electrocardiography. In order to evaluate the performance
of the inverse problem under a realistic noisy situation,
icEGM were calculated before and after the addition of
10 dBs white noise.
Simulated EGMs and inverse-computed EGMs were
compared in terms in the voltage, phase and spectral
domains. Instantaneous phase, which ranges from 0 to 2π
and represents the relative delay of each signal in one
period, was computed in each node by using the Hilbert
transform [8]. Frequency analysis was performed by
computing the power spectral density of all signals by
using Welch’s periodogram with a Hamming window of
2 seconds and 50 % overlap, with 8192 FFT points per
window (0.25 Hz of frequency resolution). The largest
peak in each spectrum was defined as the dominant
frequency of the node. Accuracy of reconstructed EGMs
was quantified by measuring the percentage of
reconstructed error between normalized voltage, phase
and spectrum (from 3 to 20 Hz) of original intracardiac
recordings and icEGM. The t-test was used to evaluate
the statistical significance between the errors for the three
domains (i.e. voltage, phase and frequency).

(5)

Inverse problem validation

Several surface potential distributions were calculated
by
solving
the
forward
problem
of
the
electrocardiography, using realistic atria, which consisted
of 577264 nodes and its size was 12.5x9 cm [12]. The
action potential of each node was simulated by using a
mathematical model which includes ionic currents, pumps
and exchangers, and processes regulating intracellular
concentration changes of Na+, K+ and Ca2+ [13]. The
whole tissue is described as a monodomain model. After
discretization of the spatial derivatives for an isotropic
medium, the evolution of the transmembrane voltage of
each cell (i.e. Vi for the i-th cell) Vi, was controlled by the
following first-order, time-dependent ordinary differential
equation:

Vi  V j
dVi I total,i

 D j
dt
Cm
di , j

(7)

(6)

where D describes the diffusion of voltage through the
medium, Itotal,i summarizes the contribution of all
transmembrane currents [13], Cm is the transmembrane
capacitance, and di,j is the distance between neighbor cells
i and j.
Atrial fibrillation in the realistic model was induced
in-silico by a S1-S2 stimulation protocol. Two S1
stimulations with a period of 100 ms and a pulse duration
of 5 ms were applied at either the left superior pulmonary
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3.

Epicardial potentials reconstructed after addition of
noise at 10 dB SNR present an increased smoothening of
both voltage distribution and phase to an extent at which
activation wavefronts do not match after forward and
inverse problem resolution. Dominant frequency
estimation was again performed accurately for most of the
atrial surface, although some errors are found at some
atrial sites, as depicted in Figure 1 and 2.
As it can be concluded from the data in Figure 3, in
which the performance of the estimation of EGMs in the
two presented models is summarized. When no noise is
added to the ECGs, frequency reconstruction is more
robustly estimated by the inverse problem than voltage or
phase (3.8±3.4 % error for spectrums vs. 31±15 % error
for voltage and 41±17 % error for phase, p<0.01). When
10 dBs noise is added, frequency reconstruction is also
more robustly estimated (5.5±4.1 % error for spectrums
vs. 38±15 % error for voltage and 48±14 % error for
phase, p<0.01).

Result

Voltage, phase and DF maps computed for the realistic
atrial and torso models are depicted in Figure 1 and 2.
Resulting AF patterns were: (1) AF generated by a rotor
located in the left atrium (LA), with a DF of 12.25 Hz in
the LA and 8 Hz in the RA, as depicted in Figure 1, (2)
AF generated by a rotor located in the RA, with a DF of
12.25 Hz in the RA and 8 Hz in the LA, as depicted in
Figure 2.

Figure 1. Inverse-computed voltage, phase and dominant
frequency (DF) maps for simulated AF with a left-to-right
DF gradient. Panel A: Voltage, phase and DF maps for
generated epicardial electrograms (EGM). Panel B:
Voltage, phase and DF maps for inverse computed
electrograms (icEGM) without added noise. Panel C:
Voltage, phase and DF maps for icEGM with added noise
on surface potentials at 10 dBs SNR.

Figure 3. Comparison between simulated and inversecomputed EGMs. Percentage of error between inverse
computed
electrograms
(icEGM)
and
original
electrograms (EGM) with and without the addition of
SNR white noise of 10 dBs to the surface
electrocardiograms.

4.

Discussion and conclusions

The main finding of the present study is that a
noninvasive estimation of activation frequencies in the
atria by solving the inverse problem of the
electrocardiography is feasible and can be used to
compute frequency maps, identifying AF sources. We
have shown that inverse quantification of atrial patterns
during AF in the frequency domain is more accurate than
estimation of voltage distributions or their instantaneous
phase.
During the last years, several groups have developed
and tested the methodology to noninvasively reconstruct
the epicardial activation sequence during atrial fibrillation
in the time domain, studying different AF mechanisms
and the effect of different strategies of AF ablation for a
specific instant time or only considering visible specific
organized patterns [5,6,15], like rotors, ectopic beats or
macroreentrants, observable only in a few seconds time

Figure 2. Inverse-computed voltage, phase and dominant
frequency (DF) maps for simulated AF with a right-to-left
DF gradient. Panel A: Voltage, phase and DF maps for
generated epicardial electrograms (EGM). Panel B:
Voltage, phase and DF maps for inverse computed
electrograms (icEGM) without added noise. Panel C:
Voltage, phase and DF maps for icEGM with added noise
on surface potentials at 10 dBs SNR.
As it can be observed without added noise, inversecomputed voltages and phases represent a smoothened
version of modelled epicardial potentials and while some
activation wavefronts can be estimated some other
wavefronts are missed, as depicted in Figure 1 and 2.
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window. However, these results not correspond with the
complex propagation patterns recorded epicardially in AF
patients [7], which according to our simulation results,
cannot be inverse-reconstructed accurately in the voltage
and phase domain due to the spatial smoothening
introduced by the regularization of the system before the
inverse problem resolution.
There is experimental and clinical data supporting that
in many cases AF is maintained by a region with the
highest activation rate [4]. Ablation of the highest DF in
the atria has shown to be an effective therapy for
terminating with the arrhythmia [4]. In this work we
compared the noninvasive AF reconstruction error for the
voltage, phase and frequency domain by solving the
inverse problem of the electrocardiography, determining
their percentage error and noise sensitivity.
This work proves that the inverse estimation of
spectral features of atrial electrograms during AF is more
accurate than the estimation of temporal-based features
such as isopotential or phase maps. The smoothing effect
of the body and the regularization parameter, more
pronounced for a higher noise level in the ECGs, is more
critical for the voltage and the phase domain.
Atrial high-frequency sources can be identified
noninvasively by solving the inverse problem of the
electrocardiography, with a better accuracy than with
temporal-based methods. Noninvasive computation of DF
maps prior to an ablation procedure may help in patient
selection and procedure planning.
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