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Abstract
Faithful, accurate, and successful cardiac biomechanics and electrophysiological simulations require patientspecific geometric models of the heart. Since the cardiac geometry consists of highly-curved boundaries, the
use of high-order meshes with curved elements would ensure that the various curves and features present in the
cardiac geometry are well-captured and preserved in the
corresponding mesh. Most other existing mesh generation
techniques require computer-aided design files to represent
the geometric boundary, which are often not available for
biomedical applications. Unlike such methods, our technique takes a high-order surface mesh, generated from patient medical images, as input and generates a high-order
volume mesh directly from the curved surface mesh. In this
paper, we use our direct high-order curvilinear tetrahedral
mesh generation method [1] to generate several secondorder cardiac meshes. Our meshes include the left ventricle myocardia of a healthy heart and hearts with dilated
and hypertrophic cardiomyopathy. We show that our highorder cardiac meshes do not contain inverted elements and
are of sufficiently high quality for use in cardiac finite element simulations.

1.

Introduction

Patient-specific geometric models of the heart are necessary in ensuring accurate and successful cardiac biomechanics and electrophysiological simulations. These simulations play a vital role in understanding normal cardiac
function, as well as abnormal behavior due to various cardiovascular diseases. Such simulations can be performed
using high-order partial differential equation solvers, such
as finite element methods. To represent the highly-curved
boundaries of the cardiac geometry, these solvers must be
paired with high-order meshes consisting of curved elements. Moreover, computational modeling and simulation
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of the cardiac biomechanics would greatly benefit from the
use of high-order meshes, yielding more accurate results
with fewer mesh elements compared to its low-order counterpart. Thus, robust and high-quality, high-order meshes
are an essential part of accurate and efficient cardiac simulations.
Biomedical meshing, specifically cardiac meshing, has
attracted significant interest of many in recent years. Various mesh generation schemes have been developed and
used by research groups to generate cardiovascular meshes
[2–5]. Cardiac modeling and simulations of such meshes
have been employed to understand the electrophysiology
[3, 6] and mechanical deformation [6] of the heart. Also,
researchers have studied cardiac flow simulations [7] and
different cardiovascular conditions and diseases [3, 8] with
the help of cardiac modeling and meshing. Most cardiovascular mesh generation strategies either generate loworder [2, 6] or coarse high-order meshes [4]. Cardiac
meshes generated in [2, 6] are low-order meshes with a
large number of mesh elements. In the absence of curved
high-order meshes, such overrefined linear meshes are
used to capture the curves present in the heart. However,
such a large number of mesh elements results in a high
computational cost. In [4], a high-order mesh generation
scheme was used to generate cubic Hermite and cubic Lagrange cardiac ventricular meshes. These meshes are fairly
coarse with 1, 12, and 6 and 2, 9, and 8 elements in the radial, circumferential, and longitudinal directions, respectively. In [5], another high-order mesh generation technique was employed to generate cubic Hermite meshes.
This method involved a manual vertex placement strategy. Using an approach known as the immersed boundary
method [9], the structural response of the human heart associated with blood flow was studied. In this method, the
mesh is not required to conform to the complex geometrical structure of the heart. In contrast, using our method [1],
we generate quadratic tetrahedral cardiovascular meshes
where the mesh is fine enough to properly capture the
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boundary representation and does not involve manual intervention. The novelty of our work lies in our method’s
ability to generate high-order meshes directly from curved
boundaries. We use our method to generate meshes of various cardiovascular geometries where patient-specific models are obtained from medical images.
In this paper, we will use our high-order tetrahedral
mesh generation technique [1] to obtain several secondorder curvilinear meshes of various cardiomyopathies
along with a healthy heart myocardium.

2.

Method

In earlier work [1, 10], we developed a direct method
of high-order mesh generation using an advancing front
approach [11].

metric calculations to ensure we generate the best possible tetrahedron from among the available candidate vertices. The candidate tetrahedron that passes all validity and
quality checks is selected as the final tetrahedron for that
surface triangular face. If there is no suitable candidate
element due to the possibility of colliding fronts from different directions, we perform local remeshing around the
selected triangular face to obtain a valid tetrahedral element. In this process, we remove the tetrahedra that are
near the selected surface triangle and remesh that region.
Once we have generated a valid tetrahedron, we insert the
high-order nodes in the element and perform mesh optimization [12]. The mesh optimization step utilizes the
high-order degrees of freedom available in each element
and further improves the quality of the mesh.

3.
2.1.

Initial Front Setup and Search for
Candidate Vertices

We start with a high-order triangular surface mesh obtained from magnetic resonance images (MRI) images,
and use it as the initial boundary representation. Each
triangular face of the surface mesh is considered to be a
member of the initial active front. Next, we calculate the
area of each triangular element and average the areas of all
the curved triangular elements. We use this average area to
calculate a reference height h of a tetrahedron. Once the
reference height is calculated, we select the first triangular
face from the active front and insert a vertex at distance
h from the centroid of that element in the inward normal
direction. Next, we search for other suitable candidate vertices within a specific radius, r = αh, as shown in Fig. 1.
Here, α is a user-defined constant value that can be varied
according to the size of the geometry and mesh.

Figure 1. Candidate vertex search within radius r.

2.2.

Validity Check, Quality Tests, and Final Tetrahedral Element Generation

For each candidate tetrahedron obtained from the vertex search, we perform several validity checks and quality

Results

Our method is designed to generate meshes for various
biomedical applications where no CAD file is available.
In this section, we will show meshes of a healthy heart
and also of different cardiomyopathies generated using our
method. We use scaled Jacobian and equiangular skewness
to assess the quality of our meshes.
For our examples, the geometric model of the left ventricle (LV) myocardium was obtained from cine cardiac magnetic resonance (MR) images using the Automated Cardiac
Diagnosis Challenge (ACDC) dataset [13]. To generate
the low-order surface mesh, the Lewiner marching cubes
algorithm [14] was used, followed by mesh simplification
in MeshLab [15]. After obtaining the low-order surface
meshes, we use Gmsh [16] to introduce the high-order
nodes onto the low-order surface mesh. Finally we used
meshCurve [17] to curve the second-order surface mesh
from the enriched linear surface mesh.
For our first example, we generate a second-order tetrahedral mesh of the left ventricle myocardium of a normal
human heart. Figures 2(a,b,c) show the top, side, and cut
plane view of the myocardium. The runtime statistics and
mesh quality information are shown in Fig. 2(d).
For our second example, we generate a second-order
mesh of the left ventricle of a human heart with dilated
cardiomyopathy (DCM). With DCM, heart chambers become stretched, thin, and weakened. As a result, the heart
cannot pump enough blood to the rest of the body. Figures 3(a,b,c) show the top, side, and cut plane view of the
myocardium. The runtime statistics and mesh quality information are shown in Fig. 3(d).
Finally, we generated a second-order teterahedral mesh
of the left ventricle of a human heart with hypertrophic cardiomyopathy (HCM). With HCM, heart muscle becomes
abnormally thick (hypertrophied). The top, side, and cut
plane view of the tetrahedral meshes of the myocardium
with HCM are shown in Fig. 4(a,b,c). The runtime statis-
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Figure 2. Second-order curvilinear tetrahedral mesh of the LV myocardium of a normal human heart: (a) top view; (b)
side view; (c) cross section, and (d) algorithm runtime statistics and mesh quality metrics.
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Figure 3. Second-order curvilinear tetrahedral mesh of the LV myocardium with DCM: (a) top view; (b) side view; (c)
cross section, and (d) algorithm runtime statistics and mesh quality metrics.
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Figure 4. Second-order curvilinear tetrahedral mesh of the LV myocardium with HCM: (a) top view; (b) side view; (c)
cross section, and (d) algorithm runtime statistics and mesh quality metrics.
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tics and mesh quality information are shown in Fig. 4(d).
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[7]

Conclusion

In this paper, we used cardiac boundary representations
obtained from MRI to generate several second-order tetrahedral meshes of the cardiac geometry. We generated
meshes of three different LV myocardia. Our examples
include both a healthy human heart as well as two hearts
with cardiomyopathies. Cardiac simulations using these
meshes would be very helpful in providing better insight
on these conditions to medical doctors, and aid in understanding the effects of various cardiomyopathies on cardiac function. The meshes generated using our method
are of high quality and can be used in cardiac simulations.
However, the quality of our meshes are also dependent on
that of the input surface meshes. Our future work will include dynamic cardiac mesh generation, as well as extending our method to generate cardiac meshes that include additional features, such as the cardiac fiber architecture.
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