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Abstract

Simulating the electrical behavior of the heart requires
accounting for parameter errors, model inaccuracies, and
individual variations in settings, which can all be influ-
enced by user choices or disease conditions. To map the
effects of parameter uncertainty, we built on previous find-
ings employing bi-ventricular activation simulations and
robust uncertainty quantification (UQ) techniques based
on polynomial chaos expansion (PCE) that maps variabil-
ity in propagation simulations. The PCE approach of-
fers efficient stochastic exploration with reduced compu-
tational demands. To ensure reliable results, we focused
here on the importance of testing for polynomial order and
sample size, aiming to obtain accurate outcomes with min-
imal computational burden. Order testing involves deter-
mining the polynomial degree used for calculating statis-
tics, whereas sample testing pertains to identifying the nec-
essary number and values of the parameters from which
the UQ model is estimated. The guide for both steps was
to ensure consistency in the results, roughly emulating a
convergence analysis. We applied this approach to a bi-
ventricular activation simulation using UncertainSCI and
quantified the effects of physiological variability in con-
duction velocity. Our results show that the selection of the
appropriate polynomial degree order and sample dataset
influences the outcomes of simulations and should be a re-
quired step before performing a UQ analysis.

1. Introduction

Accuracy in simulating the electrical behavior of the
heart can be affected by parameter and model errors, as
well as individual variability in parameter settings. This
variability stems from either user choices or physiological
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variability, which exists naturally but can also be linked to
disease states. We have previously shown the importance
of uncertainty quantification (UQ) in evaluating the effects
of parameter variability in simulations using the polyno-
mial chaos expansion (PCE) approach. [1,2] PCE facili-
tates efficient stochastic exploration with reduced compu-
tational demands by employing an emulator for the under-
lying forward model.

Howeyver, there are considerations that need to be taken
into account to be confident in the results of UQ); the order
of the underlying polynomials and the selection of samples
are of particular importance. Order testing refers to the or-
der of the polynomial degree used to fit the model uncer-
tainty and from which to calculate the statistics, whereas
sample testing refers to the number and values of points
needed to fit the polynomial. One computational goal in
all UQ is to achieve accurate results with the smallest pos-
sible polynomial degree order and with the smallest sample
size. Optimization strategies exist for both aspects, and we
have set out to test their utility in the specific context of
modeling cardiac propagation.

Building on previous findings, we tested the order and
sampling effects in the UQ of bi-ventricular activation sim-
ulations based on PCE via UncertainSCI. [3, 4] We evalu-
ated the specific impact of physiological variability in con-
duction velocity (CV) on simulations of cardiac activation
and then tested the impact of polynomial order and sample
size on the UQ results.

2. Methods

Uncertainty Quantification: Order and Sample Testing

To conduct this study, we analyzed uncertainty in acti-
vation patterns due to variability in CV using the PCE ap-
proach. UQ was implemented via UncertainSCI, an open-
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Table 1: Conduction Velocity Ranges

Parameter Minimum Value | Maximum Value
Myocardial Longitudinal (Mp,) 50 cm/s 80 cm/s
Myocardial Transverse (M) 1/3 * My, 2/3 * My,
Myocardial Sheet (Mg) 1/3 * My, 2/3 *Mp,
Endocardial Longitudinal (Er,) 200 cm/s 400 cm/s
Endocardial Transverse (Er) 12 *Ep 1*Ep
Endocardial Sheet (Eg) 12 *Ep, 1*Ep

source software we have developed. [3,4] The PCE ap-
proach builds a polynomial emulator of the system under
study from a discrete number of cases computed from pre-
determined values of the input parameters. The user con-
trols the order of the polynomial, which, in turn, guides,
but does not dictate, the number of sample points required.
In this case, we tested orders 5 to 10 for the polynomial
emulator and report here the results of orders 5 and 6 be-
cause they were sufficient to reach consistent results. For
each order, we explored the response to sample selection,
using two different numbers of points, which were selected
from uniformly distributed values within the boundaries of
Table 1. For each order, the first set of points was auto-
matically determined by UncertainSCI based on the num-
ber of parameters (in our case, six). We then manually
doubled the number of points to see if the performance
changed. For both the single and double sample sizes,
we tested three randomly selected sample sets. For each
sample set, we used 472 points for order 5, 944 for order
5-doubled, 934 for order 6, and 1868 for order 6-doubled.
The computed statistical parameters included the mean and
standard deviation (STD) of the resulting activation times
on the volume. We also tested the residuals, which are a
metric of the difference between the values of the depen-
dent variable predicted by the emulator and the observed
values.

Simulation Model and Protocol

To compute the propagation sequences, we employed a
bi-ventricular geometric model of a porcine heart that we
created by segmenting a computerized tomography (CT)
scan acquired from the explanted heart from one of our ex-
periments. The result was a finite-element mesh with an
average edge length of 800 um. [5] To mimic the effect
of the Purkinje network, we implemented a fast endocar-
dial layer with CV set to four to five times the longitudi-
nal value of the rest of the myocardium. Table 1 contains
a summary of the resulting endocardial and myocardial
CVs. The activation patterns were determined using the
Eikonal technique implemented in the Cardiac Arrhyth-
mia Research Package (CARP). [6] We stimulated each
beat from a single location on the LV endocardial surface,
which was assigned using universal ventricular coordinates

of the geometric model. [7, 8]

3. Results

Fig 1 (top) shows the results from the UQ analysis with
order 5 and three sets of 472 (single sample size) and 944
points (double sample size). The results for the mean
showed consistency, with the mean maximum activation
time, a measure of total ventricular activation, being vir-
tually the same (74 ms) for all cases. However, the ampli-
tudes of STD varied greatly between the single and double-
sized samples, as did the spatial patterns of STD. STD
values also varied across the different sample sets of the
same size, with minimal values from 0.0—4.2 ms and max-
imal values between 12—-15 ms. Spatial patterns of STD
also varied, most notably across sample sets in the single-
sized samples (second row of Fig 1). The three sample
sets of the double sample size are visually more similar,
even though sample set one had slightly higher STD val-
ues (lighter green) compared to sample sets two and three.
The residuals (third row of Fig 1) were lower for the sin-
gle sample size, with a maximum of 4.6 X 10~%; how-
ever, they were still low for the double sample size, with
a maximum of 3.8 x 1072, The mean residuals for the
single sample size were small but variable at 1.1 x 10~7
for sample set one, 4.2 x 10~° for sample set two, and
1.1 x 10~* for sample set three, with spatial patterns that
varied mostly in amplitude. The corresponding values for
the double sample size were larger at 1.3 x 10~2 for sample
set one, 7.6 x 103 for sample set two, and 8.3 x 1073 for
sample set three. The spatial patterns varied only slightly
for the double sample size.

We also tested the performance of order 6 with 934 (sin-
gle sample size) and 1868 points (double sample size),
with three sets of samples each, as shown in Fig 1 (lower
panel). For the mean, the single sample size showed very
small variation, with minimum values ranging between -
1.1 ms and 1.9 ms and a maximum between 74 ms and
75 ms. The double sample size yielded similar amplitudes
and very consistent spatial patterns.

The STD values and patterns showed clear differences
between the single and double sample sizes. For the single
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Figure 1: Examples of order and sample testing for left ventricular endocardial stimulation: order 5 (top) and order 6
(bottom). The standard statistics (three columns on the left) were calculated from a total of 472 points for order 5 and 934
points for order 6. The statistics for double sample sizes (three columns on the right) were calculated from a total of 944
points for order 5 and 1868 points for order 6. The first row shows the mean, the middle row shows the standard deviation
(STD), and the bottom row shows the residuals. The results are visualized on the left ventricular epicardial surface.

sample size, the minimum STD ranged between 4.4 ms
and 5.2 ms; however, the maximum was highly variable,
ranging between 26 ms and 99 ms; visual differences be-
tween the three sample sets are evident in Fig 1 (bottom).
In particular, even though the color pattern appears to be
similar across the three, the highly varying maxima indi-
cate a large variation in activation pattern. For the dou-
ble sample size, the STD had a minimum ranging between
1.7 ms and 3.1 ms and a maximum of 12 ms. Visually,
they follow a similar pattern, as shown in Fig 1 (bottom).
The residuals, once again, were overall lower for the single
sample size, with a maximum of 8.0 x 10—*; however, they
were still low for the double sample size, with a maximum
of 9.9 x 1073, The mean residuals for the single sample

size were 2.8 x 10™* for sample set one, 4.8 x 10~° for
sample set two, and 1.1 x 10~ for sample set three. For
double sample size, they were 3.0 x 10~3 for sample set
one, 6.9 x 104 for sample set two, and 1.4 x 102 for
sample set three.

4. Discussion and Conclusions

The aim of this study was to show the importance of
selecting the correct polynomial order and sample size to
obtain accurate and consistent results in UQ. We explored
the specific application of cardiac propagation, but we ex-
pect the results to be generally applicable. [3] We explored
a large range of polynomial orders, but here we focused on
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orders 5 and 6 because they were deemed to provide a good
representation of the overall results, with particular interest
in their precision and computational overhead. Other ap-
plications will likely yield different specific values but will
also require a similar exploration of parameters. Our re-
sults indicated complex relationships between sample size
and stability of the results. In particular, inconsistencies in
results appeared for both orders 5 and 6 with single sample
sizes, suggesting that the minimal number of points gener-
ated by UncertainSCI was inadequate in this type of sim-
ulation. In both orders, increasing the number of points
yielded reduced STD values and made them more stable
across different sample sets. The benefits came at a small
cost in the amplitudes of the residuals. Although the resid-
uals increased with a higher number of points, they were
lower with the double sample size of order 6 compared to
the double sample size of order 5.

Our findings suggest that, in this specific simulation
setup, order 6 with double the points is the best option to
obtain consistent results across the statistics analyzed. The
mean varied by only 0.2 ms across the three sample sets,
whereas the STD varied by 1.4 ms. Both mean and STD
also showed consistent spatial distributions across the three
repetitions (sample sets). Order 6 showed slightly bet-
ter consistency of the spatial patterns over order 5, mostly
when comparing it with the performance observed with su-
perior orders, suggesting it was the more trustworthy op-
tion. Furthermore, lower residuals for order 6 with double
sample size could indicate better performance compared
with order 5 with double sample size.

The results also differed among sample sets, i.e., across
random selections. The variations for both orders were
small as long as they came from the doubled number of
points. Hence, one could select any of the three sample
sets and be confident in the results. Given the opportu-
nity, the best selection would be the one that produces the
lowest residuals, sample set two for order 6 double, in this
study.

Limitations of this study include using a single cardiac
geometry and a single stimulus site in the analysis. The
specific results are also tied to the underlying model and
the parameters targeted in the UQ analysis, in this case,
the six anisotropic CVs.

Other applications of UQ will require adjustments in the
polynomial order and testing sample selections, which will
add computational time to the UQ analysis depending on
the number of points and parameters, but our findings un-
derscore the importance of carefully selecting these param-
eters to ensure reliable and robust results.
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