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Abstract

Patient-specific computational models of cardiac elec-
trophysiology have been proposed as tools to improve the
treatment of cardiac arrhythmia in the clinic. To build
accurate, trustworthy models for clinical use, quantifying
the uncertainties, introduced by fitting the model to noisy
and sparse data, is vital. We present a methodology for
Bayesian inference of model parameters at the tissue level.
We apply this to a toy problem, motivated by Intra-Atrial
Reentrant Tachycardia (IART): we infer the size and ori-
entation of a scar in a two-dimensional tissue slab based
on synthetic sparse catheter data. We define a likelihood
function based on a low-dimensional representation of the
data in the form of summary statistics. For a good explo-
ration of the parameter space, we use an adaptive Markov
chain Monte Carlo algorithm. As a result, our method-
ology notably decreases the required number of forward
simulations, which greatly benefits the time feasibility of
Bayesian inference. The resulting posterior both provides
an estimate of the scar parameters and quantifies the un-
certainty due to the sparse and noisy measurements. Fi-
nally, we highlight the need to adapt forward solvers to
avoid artificial discontinuities in the likelihood.

1. Introduction

Personalized heart models or cardiac digital twins inte-
grate biophysics with patient data to offer a virtual counter-
part of a patient’s heart. These models are receiving grow-
ing interest to aid clinical decision-making thanks to their
potential to improve the treatment of cardiac arrhythmia
through an increased personalization of care [1].

However, the absence of uncertainty quantification in
state-of-the-art cardiac digital twins is identified as an im-
portant barrier to their clinical introduction [2]. For accu-
rate patient-specific descriptions, we need to quantify the
uncertainties introduced by fitting a model to sparse and

noisy data. Moreover, including uncertainties also allows
assessment of the credibility of predictive model outputs.

Recent work started to include uncertainties in cardiac
electrophysiology (EP) models at different scales by using
Bayesian inference [3–5]. A posterior probability distri-
bution on the parameters complements an estimate with
an uncertainty and is sampled with Markov chain Monte
Carlo (MCMC) methods. However, we need many sam-
ples to estimate the posterior well and each sample re-
quires a simulation of the EP model. This quickly becomes
costly, especially at the tissue scale. As a result, the poste-
rior is often approximated by replacing the EP model with
a surrogate during inference [4, 5].

In this work, we present a methodology that enables
Bayesian inference at the tissue level directly using the
EP model. We infer an elliptical scar in two-dimensional
tissue based on a few synthetic intracardiac electrograms
(EGM), motivated by atrial arrhythmia in which an excita-
tion wave attaches to a surgical scar. Our method strongly
reduces the required number of samples of the posterior
and, thus, the number of forward simulations. First, we
define a likelihood based on summary statistics (the local
activation times (LAT) and the period of the reentry) since
low-dimensional data facilitate efficient exploration of the
parameter space. We will show that reducing the informa-
tion content does not hurt the identifiability of the param-
eters. Second, fast exploration of the parameter space is
achieved by using an adaptive MCMC algorithm.

2. Methodology

2.1. Personalized EP model

We consider a monodomain EP cardiac tissue model:

∂u

∂t
= D∇2u+ f(u). (1)

We use the smoothed Karma model [6] as reaction term
f(u) to integrate cell dynamics in the reaction-diffusion

Computing in Cardiology 2024; Vol 51 Page 1 ISSN: 2325-887X DOI: 10.22489/CinC.2024.348



equation. This model involves two state variables: the
transmembrane potential and a slow recovery variable. We
use the pseudo-EGM formulation [7] to compute an ap-
proximation of the electrical potential at the endocardium
from the transmembrane potential.

In this work, we personalize the geometry of a region
of scarred, non-conducting tissue. We consider a two-
dimensional tissue slab, representing the atrium, with di-
mension Lx = Ly = 108 mm. An elliptical scar, with its
center at

(
Lx

2 , Lx

2

)
, blocks all conduction (D = 0). Dur-

ing the inference, we estimate the scar geometry parameter
θ = [rx, ry, ϕ]. We specify the scar shape with its long and
short axes rx and ry and its orientation with the inclination
angle ϕ between its long axis and the positive x-axis.

We solve the reaction-diffusion model from Equation
(1) using the software package ithildin [8]. This solver
uses a second-order finite difference approximation of the
Laplacian and a Forward Euler time-stepper. Time and
space discretization are fixed: dt = 0.25 ms and dx =
0.3 mm. We perform domain splitting across 72 cores.

2.2. Data

We perform inference based on synthetic EGM data,
generated as if the measurements were made by a PEN-
TARAY catheter (Biosense Webster, Diegem, Belgium).
Five flexible arms each contain four electrodes at a dis-
tance of 4 mm from each other. In this work, we consider
the catheter to be at a fixed location at a distance from the
scar. All electrodes touch the heart wall directly and mea-
sure the potential at the endocardium. For the exact elec-
trode locations, we refer to the code (see also Section 3)

The tissue is observed during sustained reentry. To gen-
erate such behavior, the initial condition attaches a spiral
wave to the scar. The EGM data y consist of 20 time traces
with a resolution of 1 ms over a time interval of length
T = 1700 ms, chosen such that four periods of the reen-
try are captured. Starting from the third reentry, steady-
state behavior is assumed. We add independent noise with
distribution N (0, 10−2).

2.3. Bayesian inference

We define the forward map F (θ) as the modeled endo-
cardial potential at the electrode locations for the scar ge-
ometry θ. This map combines solving the monodomain
equation for the protocol from Section 2.2 and the pseudo-
EGM formalism. Even for the true scar geometry θtrue,
the modeled potential will not match the measurements ex-
actly due to measurement noise ε:

y = F (θtrue) + ε. (2)

Using Bayes’ rule, we can identify a posterior probabil-
ity distribution on θ that captures the resulting uncertain-

ties on the model parameters as follows:

p(θ|y) = l(y|θ)p(θ)
p(y)

. (3)

The prior distribution p(θ) encodes prior knowledge about
the scar. During the experiments, we assume no prior
knowledge by defining p(θ) as a wide uniform distribution.
The likelihood l(y|θ) quantifies for each possible scar ge-
ometry parameter θ how likely this parameter would have
resulted in the data y (see Section 2.4). The evidence p(y)
is an unknown normalization constant.

By using Bayesian inference, we take into account that
a whole range of parameter values could have resulted in
the data y. In contrast, most cardiac digital twins limit
themselves to finding θ∗, that optimally matches the data
with the modeled potential, as an approximation for θtrue.

Moreover, Bayesian inference offers a rigorous mathe-
matical framework that combines the forward model and
our knowledge about the measurement noise to link the
scar and the surrounding reentry in a consistent manner.
This contrasts with clinical practice: a catheter roves over
the endocardium to map the electrical propagation path-
way based on LATs and to label low-voltage areas as scar.
However, we have no guarantee that the registered scar and
activation map are perfectly consistent.

2.4. Likelihood

To quantify how likely a scar geometry θ would have
resulted in the data y, the likelihood is defined as l(y|θ) =
p(y|θ) = p(y|F (θ)). Hence, from Equation (2), it is clear
that the likelihood captures the noise model of ε.

In this work, we reduce the EGM time traces to a low-
dimensional set of summary statistics to increase the effi-
ciency of the inference. Equation (2) can be rewritten in
terms of the summary statistics as follows:

s(y) = s(F (θ)) + ε′. (4)

The likelihood is now defined as l(y|θ) = p(s(y)|s(F (θ)))
and now models the measurement noise of the statistics ε′.

The dimension reduction of the data improves the effi-
ciency of the algorithms proposed in Section 2.5 as it facil-
itates faster exploration of the parameter space. We need
fewer samples and, thus, fewer forward simulations to find
the posterior probability distribution. In Section 3, we ver-
ify whether the loss of information, caused by reducing the
data to a set of statistics, impacts the identifiability of the
scar parameters.

We define the following summary statistics: the LAT at
each electrode during the fourth reentry and the period of
the steady-state reentry. This can be extended by including
more relevant quantities later on. In this work, we assume,
ε′ ∼ N (0, 0.1I), while a more thorough modeling of this
distribution is postponed.
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2.5. Adaptive MCMC

MCMC methods sample the posterior probability dis-
tribution from Equation (3). The right-hand side of this
equation is not known in closed form but it can evaluated
for θ up to an unknown constant value. During every itera-
tion, MCMC proposes a new sample based on the previous
sample and uses the posterior probability of the proposed
sample to decide upon its acceptance.

For efficiency, we need a proposal that explores the pa-
rameter space well. This is made easier thanks to our low-
dimensional scar parameter and our likelihood definition.
Moreover, we propose an adaptive MCMC algorithm to
sample the posterior distribution of strongly correlated pa-
rameters, rx and ry in particular, efficiently [9]. In contrast
with Metropolis-Hastings [10,11], we learn the covariance
structure of the posterior distribution online to improve
the exploration of the parameter space. We propose larger
moves in directions with higher variance.

For the first 100 samples, we fix the proposal distribu-
tion to a multivariate Gaussian with N (0, C0) with C0 =
diag(1.69 ∗ 10−4, 1.69 ∗ 10−4, π2/147456). After, we up-
date the covariance of the proposal after every 10 samples
such that N (0, Cn/10) with Cn the sample covariance of
the first n samples. We construct chains of length 10000,
starting from the ground truth value θ = [10.0, 4.0, 0.0].
The first 1000 samples are discarded as burn-in.

3. Results & Discussion

We obtain histograms as an approximation for the pos-
terior distribution of the parameters 1 (see Figure 1). This
posterior distribution quantifies the scar parameter uncer-
tainties due to measurement noise. For the assumed noise
model, we find a narrow posterior that captures the ground
truth value of the scar geometry. The marginal distribu-
tions of ry and ϕ are centered around their ground truth
value and even have a Gaussian-looking shape. Mean-
while, for rx, the ground truth appears closer to the tail,
although the bias between the maximum-a-posteriori esti-
mate and the ground truth is small. Finally, Figure 2 shows
the strong posterior correlation between rx and ry .

At this point, evaluating the performance of our method-
ology is more important than conducting a study of the
posterior uncertainties. After all, the posterior shape is in-
fluenced by the noise model for the summary statistics. To
analyze the nature of the parameter uncertainties caused by
clinical data, follow-up work should develop and include a
more accurate noise model. In the remainder of this Sec-
tion, we will analyze our algorithm.

First, adaptive MCMC proves to sample the posterior
distribution efficiently. Due to the strong correlation be-

1All code to run the experiments is publicly available at
https://gitlab.kuleuven.be/numa/public/cinc24-uq-for-iart.git
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Figure 1: Histograms of the marginal posterior probabil-
ity distribution are obtained with adaptive MCMC for the
long principal axes rx, the short principal axes ry , and the
inclination angle ϕ of the elliptical scar.
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Figure 2: The samples of the posterior probability distri-
bution are projected on the (rx, ry)-, the (rx, ϕ)- and the
(ry, ϕ)-plane. A strong posterior correlation between the
two principle axes rx and ry is observed.

tween rx and ry , the directions with the largest variance
are distinct from the axes in the parameter space. Adap-
tive MCMC learns the posterior covariance structure dur-
ing sampling and proposes larger moves in directions of
high variance. Figure 3 illustrates how this increases the
efficiency of the sampling. After a short burn-in time,
adaptive MCMC mixes notably better than classic MCMC,
meaning that the entire posterior distribution is sampled
continuously. As a result, we need fewer samples to esti-
mate the entire posterior distribution well and we reduce
the number of forward simulations.
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Figure 3: The Markov chains are projected on the rx- and
ry-axis. Adaptive MCMC improves mixing considerably
for parameters with a strongly correlated posterior.

Second, we manage to fully characterize the scar from
21 statistics. While reducing the dimension of the data
might induce some additional uncertainties, the statistics
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are informative enough to not affect the identifiability.
Finally, we also notice an important limitation. A nu-

merical artifact in the forward solver introduces an artifi-
cial discontinuity in the posterior, very clearly visible in
the marginal distribution for rx (Figure 1). Each mesh
point of an equidistant finite difference mesh is labeled as
either healthy or scarred (see Figure 4), and the simulation
discards unexcitable, scarred tissue. For a small perturba-
tion to a geometry parameter, no mesh points change label.
As a result, the solution of the forward problem and the
likelihood evolve discontinuously in terms of the scar pa-
rameters. In turn, this imposes an artificial discontinuity in
the posterior. To improve the accuracy of the posterior, we
must adapt the forward solver such that it no longer creates
artificial discontinuities in the likelihood.

Figure 4: Mesh points are labeled as inside (white) or out-
side (black) the elliptical scar bordered by the purple curve.
The discretized scar only changes for large enough pertur-
bations that change at least the label of one mesh point.

4. Conclusion

Bayesian inference facilitates uncertainty quantification
when inferring model parameters from data. We propose
a methodology, that uses adaptive MCMC, to estimate the
posterior distribution with notably fewer forward simula-
tions to enable inference at the tissue level. While we il-
lustrate this for the identification of three scar parameters,
the use of this method can be extended to the inference of
more complex scars or other functional parameters. The
likelihood based on summary statistics increases the effi-
ciency of the algorithm without affecting the identifiability
of the scar parameters. Follow-up work should include a
more accurate noise model and investigate how including
extra statistics influences the posterior shape. Moreover,
we focus on removing numerical artifacts in the likelihood.
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