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Abstract

The framework of Partial Information Decomposition
(PID) quantifies the redundant and synergistic information
that two source variables share with a third variable within
a network of interacting systems. While the PID has been
formulated so far either for discrete or continuous Gaus-
sian variables, this work introduces a computation strat-
egy, based on nearest-neighbor entropy estimation, to de-
compose the information that a discrete variable shares
with two continuous sources. The approach is first vali-
dated in a Boolean logic gate producing exclusive synergy,
and then applied in the context of cardiovascular physi-
ology to decompose the information shared by the binary
variable mapping the respiratory phase and the continuous
time series of heart period and systolic arterial pressure
variability. We show how cardiac and vascular regulatory
mechanisms are individually related to respiration at rest
and during postural stress, and jointly interact in main-
taining cardiovascular and cardiorespiratory homeostasis
during the inspiratory and expiratory breathing phases.

1. Introduction

In recent years, the field of Network Physiology has
emerged as a result of the growing interest in studying the
complex networks of physiological systems that interact
to ensure several homeostatic functions in the human or-
ganism [1]. In fact, physiological regulatory mechanisms
do not operate exclusively through the response of indi-
vidual organ systems to a stimulus, but also encompass
complex functional interactions among multiple systems.
In this context, the concepts of redundancy and synergy
have emerged as fundamental tools to describe how mul-
tiple physiological “source” variables share information
with a “target” variable, highlighting modes of interaction
that cannot be revealed looking at the pairwise interactions
between each source and the target [2].

Among the approaches introduced to measure these
high-order interactions, the Partial Information Decompo-

sition (PID) is the most promising since it provides non-
negative decomposition terms with specific meaning re-
lated to unique, redundant and synergistic information [3].
However, the practical computation of the PID terms is
typically restricted to discrete random variables [4] or to
continuous variables with Gaussian distribution [5], thus
limiting its applicability to categorical or quantized data,
or to linear systems. To overcome this limitation, this work
introduces a mixed approach considering a discrete tar-
get and two continuous source variables. This model-free
approach is implemented using nearest-neighbor entropy
estimators, and tested over simulated data with known
ground truth. Then, it is applied to cardiovascular time
series measuring the variability of heart period and arterial
pressure to study their unique, redundant and synergistic
contributions to the phase of respiration in healthy subjects
studied at rest and during postural stress.

2. Non-parametric PID formulation

In the PID framework, the mutual information (MI) be-
tween two source variables X1 and X2 and a target vari-
able Y is expressed as follows [3]:

I(Y ;X1, X2) = U(Y ;X1) + U(Y ;X2)

+R(Y ;X1, X2) + S(Y ;X1, X2),
(1)

whereU(Y ;X1) andU(Y ;X2) denote the information ex-
clusively shared with Y by each of the sources (unique in-
formation), R(Y ;X1, X2) the information shared both by
X1 and X2 (redundancy), and S(Y ;X1, X2) the informa-
tion emerging only when X1 and X2 are observed jointly
(synergy). Starting from the so-called redundancy lattice,
an iterative approach is used to compute the decomposition
terms starting from the MI between Y and the sources and
from the redundancy, i.e.,

U(Y ;X1) = I(Y ;X1)−R(Y ;X1, X2),

U(Y ;X2) = I(Y ;X2)−R(Y ;X1, X2),

S(Y ;X1, X2) = I(Y ;X1, X2)− I(Y ;X1)

− I(Y ;X2) +R(Y ;X1, X2).

(2)
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Considering two continuous sources with outcomes
xj ∈ DXj ⊆ R and a discrete variable Y with possible
outcomes i ∈ AY = {1, . . . , Q}, each with probability
p(i), the redundancy term is formulated in [3] as the ex-
pected value of the minimum information that the sources
share with each specific outcome of Y , i.e.,

R(Y ;X1, X2) =
∑
i∈AY

p(i) min
Xj ,j=1,2

I(Y = i;Xj). (3)

The probability distributions of each source when consid-
ering, for the variable Y , respectively, all possible out-
comes, i.e., p(xj), and a specific state i, i.e., p(xj |i), are
used to define the specific information shared between the
outcome {Y = i} and the source Xj , as:

I(Y = i;Xj) =

∫
xj∈DXj

p(xj |i) log
p(xj |i)
p(xj)

dxj . (4)

In this work, we propose to estimate the probability
mass of Y in (3) with the frequentistic approach, and the
specific MI in (4) with the Kraskov-Stögbauer-Grassberger
(KSG) estimation strategy [6]. Specifically, defining the
searching distances d to the kth neighbor of the sample
s = {x1, x2} associated with the sample {Y = i}, i.e.,
{s}i, and searching for samples in all the exploited spaces
using the same range d, the following estimator is derived:

Î(Y = i;Xj) = ψ(N)− ψ(Ni)

+ 1/Ni

∑
{xj}i

(
ψ(mi

j + 1)− ψ(mj + 1)

)
,

(5)

where ψ(·) is the digamma function, N is the total number
of samples, Ni the number of samples associated to {Y =
i}, and mj and mi

j the points counted at distances smaller
than d/2 in the space Xj when considering samples for
any Y , and for the specific values {Y = i}, respectively.
After estimating the redundant term according to (3), and
the shared information between Y and the sources both
separately and jointly, as:

Î(Y ;Xj) =
∑
i∈AY

p̂(i)Î(Y = i;Xj), (6)

Î(Y ;X1, X2) =
∑
i∈AY

p̂(i)

(
ψ(N)− ψ(Ni)

+ ψ(k)− 1/Ni

∑
{s}i

ψ(m12 + 1)

)
,

(7)

where m12 quantifies the neighbors within distance d/2 in
the space [X1X2] independently of Y , the unique and the
synergistic contributions are finally computed using (2).

Surrogate data analysis was performed to assess the sta-
tistical significance of each source contribution to a spe-
cific state of the variable Y as well as of each term of

the decomposition. Specifically, by randomly shuffling
the variable Y , the correspondence of each sources sample
with the attributed Y was destroyed. Iterating this shuf-
fling led to obtain a distribution of all decomposition terms
on surrogate data, which can then be compared with the
value computed on the original data. A non-parametric
percentile test was used to determine the threshold signif-
icance as the 95th percentile of the surrogate distribution,
above which the measure was deemed as significant.

3. Simulation study

The proposed PID estimator was tested on the Boolean
logic XOR-gate which is known to be characterized by
a synergistic behaviour [4]. Considering two indepen-
dent uniformly distributed continuous variables, i.e., X1 ∈
U{a, b} and X2 ∈ U{c, d}, a third variable is defined
as Y = Θ(X1 ·X2), where the Heaviside function is
Θ(W ) = 1 if W > 0 and Θ(W ) = 0 otherwise. Fix-
ing the parameters of X1 as b = 0.5 and a = b − 1, and
varying those of X2 with d in the range [0.05 : 0.1 : 0.95]
and c = d− 1, the theoretical values of the joint probabil-
ity distributions reported in Table 1 are obtained, and from
these the marginal probabilities and the true values of the
decomposition terms are computed.

Table 1. Theoretical values of p(Y,X1, X2) as function of
the parameters b and d.

X1 X2 p(Y = 1, X1, X2) p(Y = 0, X1, X2)
< 0 < 0 (b− 1)(d− 1) 0
< 0 > 0 0 (1− b)d
> 0 < 0 0 b(1− d)
> 0 > 0 bd 0

Figure 1a shows the theoretical and estimated trends
(one-hundred 300-sample realizations) of the decomposi-
tion terms of the information shared by X1 and X2 with
Y . Regarding the estimation process, the neighbors search
was performed by using k = 5. For d = 0.5, the simu-
lated system appears fully synergistic, with I(Y ;X1, X2)
equals to S(Y ;X1, X2) and the other terms of the decom-
position equal to zero. Indeed, the value of both sources
must be known to determine the state of Y [4]. By varying
d, even if I(Y ;X1, X2) remains constant, the synergistic
contribution of the sources decreases and the unique con-
tribution of X1 increases. These results are expected as,
considering the extreme case of d = 1, the only variable
influencing the state of Y is X1. Estimated quantities fol-
low the theoretical trends, with negative bias for the mea-
sures obtained searching neighbors in the higher dimen-
sional space, i.e., I(Y ;X1, X2) and S(Y ;X1, X2).
Figure 1b shows the trends of the specific information
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Figure 1. In (a), estimated (shadow areas with average
values in continuous lines) and theoretical (dotted lines)
trends of the PID terms for the logic XOR-gate between
X1 ∈ U{a, b} and X2 ∈ U{c, d} by varying d. In (b),
the specific information terms are depicted along with the
percentage of significance for the estimated values.

shared by the sources and each outcome of Y and its statis-
tical significance evaluated on one-hundred surrogate data.
The results suggest that the only source sharing informa-
tion with the variable Y isX1, and that, shifting d from 0.5,
the contribution of X1 increases equally for the two possi-
ble states of Y . The surrogate data analysis confirms the
absence of statistically significant values for I(Y = i;X1)
for d ∼ 0.5, and for I(Y = i;X2) for all values of d,
considering both i = 0 and i = 1.

4. Application to physiological time series

The data analyzed in this work consist on synchronously
acquired electrocardiographic (ECG; CardioFax ECG-
9620, NihonKohden, Japan), arterial blood pressure (ABP;
Finometer Pro, FMS, Netherlands) and respiratory volume
(RespiTrace, NIMS, USA) signals (sampling frequency of
1 kHz). Sixty-one young healthy subjects (37 females,
17.5±2.4 years old) underwent a protocol involving (i) a
supine resting state (REST) and (ii) an head-up tilt phase
(HUT) during a 45 degree tilt to evoke postural stress. The
study was approved by the ethical committee of the Jesse-
nius Faculty of Medicine, Comenius University, Slovakia.
From these signals, stationary and artifact-free variability
time series of heart period, systolic arterial pressure and
respiration of 300 samples were measured respectively as
the time distances between consecutive ECG R peaks (se-

ries H), the local maxima of the ABP signal within each
detected heart period (series S), and the values of the respi-
ratory signal sampled at each detected ECG R peak (series
R). Further details on data acquisition and preprocessing
are reported in [7].

To exploit the proposed PID estimation approach for in-
vestigating the interplay between the cardiovascular dy-
namics and the breathing phase, the time series R was bi-
narized defining R̄n = 0 if Rn > Rn+1 and R̄n = 1 if
Rn ≤ Rn+1; in this way, the expiration and inspiration
phases were coded respectively with the values 0 and 1.
The source time series H and S were left continuous and
normalized to zero mean and unit variance.

After computing the terms of the partial information de-
composition with X1 = [Hn Hn+1] and X2 = [Sn Sn+1]
taken as source variables and Y = R̄n taken as target vari-
able, and fixing the number of neighbors k to 5, a statis-
tical comparison between the two acquisition phases, i.e.,
REST vs HUT, was performed across subjects by using a
paired Student’s t-test with 5% significance. Moreover, the
statistical significance of each decomposition terms for the
information shared by H and S with the ventilatory activity
was assessed generating one-hundred surrogate data.

Figure 2a shows mean and individual values of the
unique and redundant/synergistic contributions of the in-
formation exchanged by H and S with R during REST and
HUT. While an overall significant decrease of the inter-
action between cardiovascular and respiratory systems is
detected with the postural stress, the unique contributions
of cardiac and vascular dynamics have opposite trends.
Besides a prevalence of cardiorespiratory over vascular-
respiratory dynamics at REST, decreasing values U(R;H)
and increasing values of U(R;S) are observed with HUT.
Physiologically, these results are related to the response
of the cardiorespiratory and cardiovascular control mech-
anisms to the orthostatic challenge. Specifically, the di-
rect influence of the central respiratory drives on the si-
nus atrial node, known as respiratory sinus arrhythmia, de-
creases [8]. On the other hand, the increase of the infor-
mation exchanged between respiration and systolic arte-
rial pressure is related to an enhancement of the cyclic in-
trathoracic pressure changes and a suppressed baroreflex
buffering occurring during ventilation [9]. Cardiorespi-
ratory and vasculo-respiratory dynamics appear predom-
inantly redundant, probably due to the influence of the
ventilatory activity on both cardiac and vascular dynam-
ics with similar latency [8, 9]. In panel b, the information
exchanged individually by H and S with R and during the
specific ventilatory phases are depicted. We find that the
reduction of I(R;H) during HUT is related to both ven-
tilatory phases, with also a reduction of about 15% of the
significant values. Conversely, the information shared by
R and S increases significantly only during inspiration.
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Figure 2. Mean and individual values of the PID terms considering heart period H and systolic arterial pressure S as
sources and respiration R as third variable (panel a), and of the information exchanged by R and each source overall and
in the ventilation phases of expiration (i.e., exp) and inspiration (i.e., insp) (panel b). Empty dots represent non-significant
values with surrogate data analysis. Statistical test: *, paired Student’s t-test p < 0.05, REST vs HUT.

5. Conclusions

Understanding how multiple control systems contribute
to a pathophysiological state is crucial. Our results evi-
denced how the PID framework allows to distinguish the
contribution of each source system to the state of the target,
as well as to highlight behaviors emerging from source in-
teractions even when the overall information shared within
the network is unchanged. The proposed estimator fol-
lowed accurately the ground truth values of the informa-
tion terms in the simulated system, and returned unique
and redundant information terms reflecting expected phys-
iological responses to the postural stress. Further investi-
gations are needed to assess the bias and variance of the
proposed estimators as a function of data length and esti-
mation parameters, as well as to refine the approach fol-
lowed to perform surrogate data analysis.
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