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$EVWUDFW�
$� PHWKRG� IRU� FODVVLI\LQJ� QRQ� OLQHDU� LQWHUDFWLRQV�

EHWZHHQ� WZR� HYHQW� VHULHV�� D� IRUFLQJ� LQSXW� DQG� D� IRUFHG�
RXWSXW�� LV�SURSRVHG��7KH�DSSURDFK�DOORZV� WR�FODVVLI\�����
LQGHSHQGHQW� G\QDPLFV�� ��� TXDVLSHULRGLF� G\QDPLFV�� ���
Q�P�SHULRGLF�V\QFKURQL]HG�G\QDPLFV�LQ�ZKLFK�Q�HYHQWV�RI�
WKH� IRUFHG� VLJQDO� RFFXU� HYHU\� P� F\FOHV� RI� WKH� GULYLQJ�
VLJQDO�� ��� DSHULRGLF� G\QDPLF�� 7KH� PHWKRG� LV� DXWRPDWLF�
DQG� IXOO\� LQGHSHQGHQW� RI� WKH� UHVHDUFKHU¶V� MXGJPHQW�� ,Q�
DGGLWLRQ�� LW� FDOFXODWHV� WKH� UDWLR� DQG� WKH� VWUHQJWK� RI� WKH�
FRXSOLQJ� LQ� WKH� FDVH� RI� V\QFKURQL]HG� G\QDPLFV�� 7KH�
PHWKRG� LV� DSSOLHG� WR� YHULI\� ZKHWKHU� V\PSDWKHWLF�
RVFLOODWRUV� XQGHUO\LQJ� WKH� GLVFKDUJHV� RI� VLQJOH�
SRVWJDQJOLRQLF� V\PSDWKHWLF� QHXURQV� LQQHUYDWLQJ� WKH�
YHQWUDO�FDXGDO�DUWHU\�RI�WKH�UDW�WDLO�FRXOG�EH�V\QFKURQL]HG�
E\� WKH� OXQJ�LQIODWLRQ�F\FOH��7KH�DSSOLFDWLRQ�FRQILUPV�WKH�
FDSDELOLW\�RI�WKH�PHWKRG�LQ�FODVVLI\LQJ�WKH�G\QDPLFV�DQG�
WKH�V\QFKURQL]LQJ�DFWLRQ�RI� WKH� OXQJ� LQIODWLRQ�F\FOH�RYHU�
WKH�VLQJOH�V\PSDWKHWLF�QHXURQ�GLVFKDUJHV��
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��� ,QWURGXFWLRQ�
3HUWXUELQJ� WKH� DFWLYLW\� RI� ELRORJLFDO� RVFLOODWRUV� E\�

PHDQV� RI� D� SHULRGLFDO� GULYLQJ� LQSXW� UHVXOWV� LQ� IXOO�
LQGHSHQGHQW�� TXDVLSHULRGLF�� Q�P� SKDVH�ORFNHG� RU�
DSHULRGLF� G\QDPLFV� GHSHQGLQJ� RQ� GHWXQLQJ� �L�H�� WKH�
GLIIHUHQFH� EHWZHHQ� WKH� IUHTXHQFLHV� RI� WKH� IRUFLQJ� LQSXW�
DQG� RI� DXWRQRPRXV� VHOI�VXVWDLQHG� RVFLOODWRU��� RQ� WKH�
DPSOLWXGH�RI� WKH�GULYLQJ� LQSXW�DQG�RQ�WKH�VWUHQJWK�RI�WKH�
FRXSOLQJ� EHWZHHQ� WKH� WZR� RVFLOODWRUV� >�@�� 8VXDOO\�
FODVVLILFDWLRQ� RI� WKHVH� G\QDPLFV� LV� REWDLQHG� E\�
VXSHULPSRVLQJ� WKH� IRUFHG� DQG� IRUFLQJ� VLJQDOV� >�@�� 7KLV�
SUDFWLFH�OHDGV�WR�D�FODVVLILFDWLRQ�ODUJHO\�GHSHQGHQW�RI�WKH�
H[SHULHQFH� RI� WKH� UHVHDUFKHU� DQG� QRW� IXOO\� UHSURGXFLEOH��
0RUHRYHU�� LW� EHFRPHV� GLIILFXOW� WR� SHUIRUP� ZKHQ� VOLGLQJ�
G\QDPLFV� RU� UHODWLYH� FR�RUGLQDWLRQV� SURGXFH� FKDQJHV� RI�
WKH� FRXSOLQJ� UDWLR�� $OVR� QRLVH� FRUUXSWLQJ� WKH� UHSHWLWLYH�
FRXSOLQJ� VFKHPH� PD\� UHQGHU� LPSRVVLEOH� D� UREXVW�
FODVVLILFDWLRQ�EDVHG�RQ�YLVXDO� LQVSHFWLRQ�� ,Q�DGGLWLRQ��WKH�

VWUHQJWK� RI� WKH� FRXSOLQJ� EHWZHHQ� GULYLQJ� DQG� GULYHQ�
RVFLOODWRUV�FDQQRW�EH�TXDQWLILHG����
7KH�DLP�RI�WKLV�VWXG\�LV�WR�SURSRVH�DQ�DXWRPDWLF��IXOO\�

UHSURGXFLEOH�� PHWKRG� IRU� FODVVLI\LQJ� QRQ� OLQHDU�
LQWHUIHUHQFHV�EHWZHHQ�IRUFLQJ�DQG�IRUFHG�HYHQW�VHULHV�>�@��
)RXU� W\SHV� RI� G\QDPLFV� DUH� FODVVLILHG�� ��� LQGHSHQGHQW�
G\QDPLFV�LQ�ZKLFK�WKH�UHODWLYH�SKDVH�JURZV�XQLIRUPO\�����
TXDVLSHULRGLF�G\QDPLFV�LQ�ZKLFK�WKH�UHODWLYH�SKDVH�JURZV�
QRQ�XQLIRUPO\�� ��� Q�P� V\QFKURQL]DWLRQ� LQ�ZKLFK� WKH� WZR�
HYHQW�VHULHV�DUH�SKDVH�ORFNHG�VXFK�D�ZD\�WKDW�Q�HYHQWV�RI�
WKH� IRUFHG� DFWLYLW\� RFFXUUHG� LQ� P� F\FOHV� RI� WKH� IRUFLQJ�
VLJQDO�����DSHULRGLF�G\QDPLFV�LQ�ZKLFK�WKH�UHODWLYH�SKDVH�
FKDQJHV� LUUHJXODUO\�� 7KH� PHWKRG� LV� EDVHG� RQ� WKH�
FRQWHPSRUDQHRXV�XVH�RI� VHYHUDO� WRROV� �WKH� UHODWLYH�SKDVH�
SUREDELOLW\� GHQVLW\� IXQFWLRQ�� WKH� SUREDELOLW\� GHQVLW\�
IXQFWLRQ�RI� WKH�FRXQW�RI�WKH�IRUFHG�UHVSRQVHV�SHU�IRUFLQJ�
F\FOH��WKH�QRUPDOL]HG�FRUUHFWHG�FRQGLWLRQDO�HQWURS\�RI�WKH�
UHODWLYH�SKDVH�VHTXHQFH�DQG�D�VXUURJDWH�GDWD�DSSURDFK����
7KH� PHWKRG� ZDV� DSSOLHG� WR� GDWD� H[WUDFWHG� IURP� RQH�

DQHVWKHWL]HG�� DUWLILFLDOO\� YHQWLODWHG� UDW� WR� HYDOXDWH� WKH�
LQWHUDFWLRQV� EHWZHHQ� WKH� OXQJ� LQIODWLRQ� F\FOH� DQG� WZR�
GLIIHUHQW� V\PSDWKHWLF� RVFLOODWRUV� PRQLWRUHG� WKURXJK� WKH�
GLVFKDUJHV� RI� WZR�� VLPXOWDQHRXVO\� UHFRUGHG�� VLQJOH�
SRVWJDQJOLRQLF� V\PSDWKHWLF� QHXURQV� LQQHUYDWLQJ� WKH�
YHQWUDO�FDXGDO�DUWHU\�LQ�WKH�UDW�WDLO�>�@�DV�D�IXQFWLRQ�RI�WKH�
PHFKDQLFDO�YHQWLODWRU\�UDWH��
��� 0HWKRGV�
����� 7RROV�IRU�FODVVLI\LQJ�LQWHUDFWLRQV��
*LYHQ� WZR� HYHQW� VHULHV� WX {WX�N��� N ��«�.}� DQG�

W\ {W\�M��� M ��«�-}�� ZKHUH� WX�N�� DQG� W\�M�� UHSUHVHQW� WKH�
WLPHV� RI� RFFXUUHQFH� RI� WKH� N�WK� DQG� M�WK� IRUFLQJ� DQG�
IRUFHG� HYHQWV� RI� X� DQG�\� UHVSHFWLYHO\�� WKH� UHODWLYH�SKDVH�
RI�WKH�M�WK�HYHQW�RI�\�ZLWK�UHVSHFW�WR�X�LV�GHILQHG�DV��
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ZLWK� WX�N��W\�M��WX�N���� DQG� ZKHUH� WX�N����WX�N�� LV� WKH�
GXUDWLRQ� RI� WKH� N�WK� IRUFLQJ� F\FOH�� :KHQ� QR� GULYHQ�
UHVSRQVH�LV�IRXQG�LQ�D�IRUFLQJ�F\FOH��WKH�UHODWLYH�SKDVH�LV�
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VHW� WR� ±��� WKXV� FRGLI\LQJ� D� PLVVHG� UHVSRQVH� RI� \��
7KHUHIRUH�� WKH�UHODWLYH�SKDVH�VHULHV�j {j�L���L ��«�-�/}�
LV�D�PL[HG�VHTXHQFH�RI�-�YDOXHV�UDQJLQJ�IURP���WR��p�DQG�
/�YDOXHV�HTXDO�WR�±���7KH�UHODWLYH�SKDVH�VHULHV�LV�UHIHUUHG�
WR�DV�SKDVH�LQ�WKH�IROORZLQJ���
7KH� ILUVW� WRRO� RQ� ZKLFK� FODVVLILFDWLRQ� LV� EDVHG� LV� WKH�

SKDVH�SUREDELOLW\�GHQVLW\�IXQFWLRQ��33')���,W�LV�HVWLPDWHG�
ZLWK�D�SKDVH�UHVROXWLRQ�RI������UDGLDQV�DIWHU�VXSSUHVVLRQ�
RI� WKH� YDOXHV� FRGLI\LQJ� WKH� PLVVHG� UHVSRQVHV� �L�H�� ±����
7KH�SDUDPHWHUV�H[WUDFWHG�IURP�33')�DUH�����WKH�6KDQQRQ�
HQWURS\� �6(�� RI� WKH� 33')�� ��� WKH� QXPEHU� RI� SHDNV�� 6(�
UDQJHV�IURP���LQ�FDVH�RI�D�33')�ZLWK�D�XQLTXH�SHDN�ZLWK�
SUREDELOLW\� �� WR� D� WKHRUHWLFDO� PD[LPXP� YDOXH� HTXDO� WR�
�����LQ�FDVH�RI�D�XQLIRUP�33')��ZLWK�WKDW�VSHFLILF�SKDVH�
UHVROXWLRQ� DQG� XVLQJ� WKH� QDWXUDO� ORJDULWKP� WR� FDOFXODWH�
6(��� 7KH� SUHVHQFH� RI� SHDNV� LQ� WKH� 33')� LV� WDNHQ� DV� DQ�
LQGLFDWLRQ� RI� WKH� UHSHWLWLYH� RFFXUUHQFH� RI� HYHQWV� RI� \� DW�
VSHFLILF�SKDVHV�RI�X��7KH� VHFRQG� WRRO�XVHG� WR�GHFLGH� WKH�
FODVV� WR�ZKLFK� WKH� QRQ� OLQHDU� LQWHUIHUHQFHV�EHORQJ� LV� WKH�
SUREDELOLW\� GHQVLW\� IXQFWLRQ� RI� WKH� QXPEHU� [� RI� IRUFHG�
UHVSRQVHV� RI� \� SHU� IRUFLQJ� F\FOH� RI� X� �L�H�� WKH� FRXQW�
SUREDELOLW\� GHQVLW\� IXQFWLRQ�� &3')��� 7KH� SDUDPHWHU�
H[WUDFWHG� IURP� WKH� &3')� LV� WKH� PHDQ� YDOXH� DY>[@��
7KHUHIRUH�� ��DY>[@� SURYLGHV� WKH�PHDQ�QXPEHU�RI� IRUFLQJ�
F\FOHV� QHFHVVDU\� WR� FRXQW� RQH� UHVSRQVH� RI� \�� 7KH� WKLUG�
WRRO� LV� WKH� QRUPDOL]HG� FRUUHFWHG� FRQGLWLRQDO� HQWURS\� >�@�
�1&&(���D�IXQFWLRQ�EDVHG�RQ�WKH�FRQGLWLRQDO�HQWURS\�EXW�
FDSDEOH�RI�SUHYHQWLQJ�LWV�DUWLILFLDO�GHFUHDVH�UHODWHG�WR�WKH�
VKRUWQHVV�RI�WKH�GDWD�VHTXHQFH��7KLV�IXQFWLRQ�LV�DSSOLHG�WR�
WKH� SKDVH� VHTXHQFH� DIWHU� QRUPDOL]DWLRQ� �L�H�� WKH� PHDQ�
YDOXH� LV� VXEWUDFWHG� DQG� WKH� UHVXOW� LV� GLYLGHG� E\� WKH�
VWDQGDUG� GHYLDWLRQ�� DQG� TXDQWL]DWLRQ�� 1RUPDOL]DWLRQ� LV�
DSSOLHG� RQO\� WR� YDOXHV� GLIIHUHQW� IURP� ±�� �L�H�� LW� LV� QRW�
DSSOLHG�WR�WKH�PLVVHG�UHVSRQVHV���$IWHU�QRUPDOL]DWLRQ�WKH�
QRUPDOL]HG� VHTXHQFH� LV� XQLIRUPO\� VSUHDG� RQ� ��
TXDQWL]DWLRQ�YDOXHV� �IURP��� WR�����$V� WKH�YDOXH�±��DJDLQ�
FRQWLQXHV� WR� FRGLI\� WKH� PLVVHG� UHVSRQVHV� HYHQ� DIWHU�
TXDQWL]DWLRQ��WKH�DFWXDO�QXPEHU�RI�TXDQWL]DWLRQ�OHYHOV�DUH�
���)URP�WKH�1&&(�D�UHJXODULW\� LQGH[�r�ZDV�GHULYHG�>�@��
7KLV� LQGH[� UDQJHV� IURP� �� �FRPSOHWHO\� XQSUHGLFWDEOH�
SKDVH�VHULHV��WR����IXOO\�SUHGLFWDEOH�SKDVH�VHULHV����
����� 6XUURJDWH�GDWD�DSSURDFK�

&ODVVLILFDWLRQ� LV� EDVHG� RQ� D� VXUURJDWH� GDWD� DSSURDFK�
>�@� DSSOLHG� WR� WKH� SKDVH� VHULHV�� 7ZR� VXUURJDWH� GDWD� VHWV�
DUH�JHQHUDWHG��7KH� ILUVW� VHW� FRQVLVWV�RI����UHDOL]DWLRQV�RI�
LGHQWLFDOO\�GLVWULEXWHG�ZKLWH� QRLVH� UDQJLQJ� IURP��� WR��p��
7KLV� VHW� LV� XVHIXO� WR� WHVW� ZKHWKHU� WKH� 33')� LV� XQLIRUP��
,QGHHG�� LI� WKH� 6(�FDOFXODWHG�RQ� WKH�RULJLQDO� SKDVH� VHULHV�
�6(R�� LV�VPDOOHU� WKDQ�D�6(�VLJQLILFDQFH�WKUHVKROG�GHULYHG�
IURP�WKH�VXUURJDWH�GDWD�VHW��L�H��DY>6(V@��
VG>6(V@��ZKHUH�
DY�DQG�VG�DUH� WKH�PHDQ�DQG�VWDQGDUG�GHYLDWLRQ�RSHUDWRUV�
DSSOLHG� WR� WKH�6KDQQRQ�HQWURSLHV�FDOFXODWHG�RQ�VXUURJDWH�
SKDVH�UHDOL]DWLRQV��6(VV���WKHQ�WKH�QXOO�K\SRWKHVLV�RI�D�IODW�
33')� LV� UHMHFWHG�� ,Q� WKH� FDVH� WKDW� WKH� 6(R�DY>6(V@�

�
VG>6(V@�� WKH� QXPEHU� RI� 33')� SHDNV� LV� VHDUFKHG� DV�
IROORZV�� 7KH� 33')R� LV� FRPSDUHG� WR� D� VLJQLILFDQFH�
WKUHVKROG� GHULYHG� IURP� 33')VV��$W� D� JLYHQ� SKDVH� LI� WKH�
33')R� LV� ODUJHU� WKDQ� DY>33')V@��
VG>33')V@�� WKHQ� WKDW�
VSHFLILF� SKDVH� LV� PRUH� OLNHO\� WKDQ� WKH� VDPH� SKDVH� LQ� D�
XQLIRUP�GLVWULEXWLRQ��,I�WKLV�H[FHVV�LV�ODUJHU�WKDQ������DQG�
WDNHV�SODFH�IRU�DQ�LVRODWHG�SKDVH��WKHQ�RQH�UHOLDEOH�SHDN�LV�
GHWHFWHG�� ,I� WKLV� H[FHVV� LV� ODUJHU� WKDQ� ����� DQG� LW� WDNHV�
SODFH� IRU� VHYHUDO� DGMDFHQW� SKDVHV�� WKHQ� WKH� QXPEHU� RI�
UHOLDEOH�SHDNV�LV�HTXDO�WR�WKH�QXPEHU�RI�UHODWLYH�PD[LPD��
,I�� DW� DQ\� JLYHQ� SKDVH�� 33')R� LV� EHORZ� WKH� 33')�
VLJQLILFDQFH� WKUHVKROG� RU� WKH� H[FHVV� LV� EHORZ� ����� QR�
UHOLDEOH�SHDN�LV�GHWHFWHG��

7KH� VHFRQG� VHW� RI� VXUURJDWH� GDWD� FRQVLVWV� RI� ���
UHDOL]DWLRQV� RI� SURFHVVHV� REWDLQHG� E\� VKXIIOLQJ� WKH�
WHPSRUDO� RUGHU� RI� WKH� VDPSOHV� RI� WKH� SKDVH� VHULHV�
�LQFOXGLQJ� WKH� YDOXHV� FRGLI\LQJ� WKH� PLVVLQJ� UHVSRQVHV��
DQG�RI�WKH�QXPEHU�RI�GULYHQ�HYHQWV�SHU�GULYLQJ�F\FOH��WKXV�
GHVWUR\LQJ� FRUUHODWLRQ� EHWZHHQ� VDPSOHV� EXW� PDLQWDLQLQJ�
WKH� 33')� DQG� &3')�� 7ZR� LQGHSHQGHQW� UDQGRP�
SHUPXWDWLRQV� DUH� XWLOL]HG�� 7KLV� VHW� LV� XVHIXO� WR� WHVW�
ZKHWKHU� WKH� SKDVH� VHTXHQFH� LV� XQSUHGLFWDEOH�� ,QGHHG�� LI�
WKH� UHJXODULW\� LQGH[� r� FDOFXODWHG� RQ� WKH� RULJLQDO� SKDVH�
VHULHV� �rR�� LV� ODUJHU� WKDQ� D� r� VLJQLILFDQFH� WKUHVKROG�
GHULYHG� IURP� WKH� VXUURJDWH�GDWD� VHW� �L�H��DY>rV@��
VG>rV@��
ZKHUH� rVV� DUH� WKH� UHJXODULW\� LQGH[HV� FDOFXODWHG� RQ� WKH�
VXUURJDWH� SKDVH� VHULHV��� WKHQ� WKH� QXOO� K\SRWKHVLV� RI� D�
XQSUHGLFWDEOH�SKDVH�VHULHV�LV�UHMHFWHG���
����� &ODVVLILFDWLRQ�
7KH� LQWHUDFWLRQV� EHWZHHQ� X� DQG� \� HYHQW� VHULHV� DUH�

FODVVLILHG� DFFRUGLQJ� WR� WKUHH� WHVWV�� ��� 6(� WHVW�� ��� 33')�
WHVW�� ��� r� WHVW�� 7KH� 6(� WHVW� FKHFNV� LI� 6(R�DY>6(V@�
�
VG>6(V@��7KH�33')�WHVW�ILQGV�RXW�WKH�QXPEHU�RI�UHOLDEOH�
SHDNV� LQ� WKH� 33')R�� 7KH� r� WHVW� FKHFNV� LI�
rR!DY>rV@��
VG>rV@��,I�WKH�6(�WHVW�LV�QRW�SDVVHG�DQG�WKH�r�
WHVW� LV� IXOILOOHG�� WKHQ� X� DQG� \� DUH� XQFRXSOHG�� ,I� ERWK� 6(�
DQG�r� WHVWV�DUH�SDVVHG�EXW� WKH�33')�WHVW�GRHV�QRW�UHYHDO�
DQ\�UHOLDEOH�SHDN��WKHQ�X�DQG�\�DUH�TXDVLSHULRGLF��,I�ERWK�
6(� DQG� r� WHVWV� DUH� SDVVHG� DQG� WKH� 33')� WHVW� ILQGV� RXW�
VRPH� UHOLDEOH� SHDNV�� WKHQ� X� DQG� \� DUH� SHULRGLF�� ,I� WKH�r�
WHVW�LV�QRW�IXOILOOHG��WKHQ�X�DQG�\�DUH�DSHULRGLF��,Q�WKH�FDVH�
RI� SHULRGLF� G\QDPLFV�� ��� WKH� QXPHUDWRU� Q� DQG� WKH�
GHQRPLQDWRU�P�RI�WKH�FRXSOLQJ�UDWLR�DUH�HVWLPDWHG�DV�WKH�
QXPEHU�RI�UHOLDEOH�SHDNV�LQ�33')R�DQG�DV�WKH�URXQGLQJ�WR�
WKH�QHDUHVW� LQWHJHU�RI� WKH�SURGXFW�EHWZHHQ�Q�DQG���DY>[@�
UHVSHFWLYHO\�����rR� LV� WDNHQ�DV�D�PHDVXUH�RI� WKH�FRXSOLQJ�
VWUHQJWK���
��� ([SHULPHQWDO� SURWRFRO� DQG� GDWD�

DQDO\VLV�
:H�PDNH�UHIHUHQFH�WR�>�@�IRU�D�FRPSOHWH�GHVFULSWLRQ�RI�

WKH� H[SHULPHQWDO� SUHSDUDWLRQ��%ULHIO\�� RQH�PDOH� 6SUDJXH�
'DZOH\� UDW� ZDV� DQHVWKHWL]HG� DQG� DUWLILFLDOO\� YHQWLODWHG��
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7UDFKHDO� SUHVVXUH� ZDV� UHFRUGHG� DQG� WKH� WLPHV� RI�
RFFXUUHQFH� RI� WKH� OXQJ� LQIODWLRQ� RQVHW� �/,2�� ZHUH�
H[WUDFWHG�� WKXV� IRUPLQJ� WKH� HYHQW� VHULHV� W/,2 {W/,2�N���
N ��«�1/,2}� ZKHUH� W/,2�N�� ZDV� WKH� WLPLQJ� RI� WKH� N�WK�
/,2�DQG�1/,2±��LV�WKH�WRWDO�QXPEHU�RI�YHQWLODWRU\�F\FOHV��
8VLQJ� D� IRFDO� WHFKQLTXH� WKH� GLVFKDUJHV� RI� WZR� VLQJOH�
SRVWJDQJOLRQLF� QHXURQV� �3*1V�� ZHUH� VLPXOWDQHRXVO\�
UHFRUGHG� IURP� WKH� VXUIDFH�RI� WKH�YHQWUDO� FDXGDO�DUWHU\� LQ�
WKH� WDLO�� 7KH� WHPSRUDO� SRVLWLRQ� RI� WKH� 3*1� DFWLRQ�
SRWHQWLDO�SHDN��3*1$3V��ZDV�GHWHFWHG�� WKXV�IRUPLQJ�WKH�
WZR�HYHQW�VHULHV� W3*1$3� {W3*1$3��M��� M ��«�13*1$3�}�DQG�
W3*1$3� {W3*1$3��M���M ��«�13*1$3�}��ZKHUH�W3*1$3��M��DQG�
W3*1$3��M�� UHSUHVHQWHG� WKH� WLPLQJ� RI� WKH� M�WK�3*1$3�DQG�
13*1$3��DQG�13*1$3��ZHUH�WKH�WRWDO�QXPEHU�RI�3*1$3V��
�)LYH� OXQJ� LQIODWLRQ� UDWHV� ZHUH� XWLOL]HG� WR� SHUWXUE� WKH�

DFWLYLW\� RI� WKH� V\PSDWKHWLF� RVFLOODWRUV� ������� ������ ������
������ ����� +]��� )RXU� RI� WKHVH� IUHTXHQFLHV� ZHUH� LQ� WKH�
UDQJH� RI� WKH� GRPLQDQW� LQWULQVLF� UK\WKP� RI� WKH� 3*1�

GLVFKDUJH� �IURP����� WR�����+]���ZKLOH� WKH� UHPDLQLQJ�RQH�
�L�H�� ����� +]�� ZDV� ODUJHO\� DERYH� WKLV� UDQJH� >�@��
([SHULPHQWV� ZHUH� FDUULHG� RXW� XQGHU� FHQWUDO� DSQHD� DV�
YHULILHG�IURP�E\�WKH�DEVHQFH�RI�GLDSKUDJP�(0*�DFWLYLW\��
3+�� 3D2�� DQG� 3D&2�� ZHUH� FRQWLQXRXVO\�PRQLWRUHG� DQG�
PDLQWDLQHG�LQ�QRUPDO�UDQJH���
��� �5HVXOWV�

)LJ��D� VKRZV� DQ� H[DPSOH� RI� /,2� DQG� 3*1$3� HYHQW�
VHULHV��VROLG�DQG�GRWWHG�OLQHV���3*1$3V�RFFXU�PRUH�OLNHO\�
DW� RQH� VSHFLILF� SKDVH� RI� WKH� OXQJ� LQIODWLRQ� F\FOH�� 33')R�
�)LJ��E�� ILOOHG� EDUV�� LV� GLIIHUHQW� IURP� D� XQLIRUP�
GLVWULEXWLRQ�� ,QGHHG�� 6(R ����� LV� VPDOOHU� WKDQ� 6(�
VLJQLILFDQFH� WKUHVKROG� �L�H�� ������DQG�RQH�GRPLQDQW�SHDN�
HPHUJLQJ� IURP� WKH�33')� VLJQLILFDQFH� WKUHVKROG� �)LJ��E��
RSHQ� EDUV�� FDQ� EH� GHWHFWHG�� WKXV� OHDGLQJ� WR� Q ��� )LJ��F�
SURYHV�WKDW�DY>[@�LV� ODUJHU�WKDQ����L�H���������WKXV�OHDGLQJ�
WR� P ��� 1&&(R� �)LJ��G�� VROLG� OLQH�� VKRZV� D� GHHS�

�)LJXUH� ��� ���� V\QFKURQL]DWLRQ�� /,2� �D�� VROLG� OLQH�� DQG�
3*1$3� �D�� GRWWHG� OLQH�� HYHQW� VHULHV�� 33')R� �E�� ILOOHG�
EDUV�� DQG� 33')� VLJQLILFDQFH� WKUHVKROG� �E�� RSHQ� EDUV���
&3')� �F�� DQG� 1&&(� FDOFXODWHG� RQ� WKH� RULJLQDO� SKDVH�
VHULHV��G��VROLG�OLQH��DQG�RQ�D�UHDOL]DWLRQ�RI�VXUURJDWH�GDWD�
�G��GRWWHG�OLQH���6HH�WH[W��

�)LJXUH� ��� ���� V\QFKURQL]DWLRQ�� /,2� �D�� VROLG� OLQH�� DQG�
3*1$3� �D�� GRWWHG� OLQH�� HYHQW� VHULHV�� 33')R� �E�� ILOOHG�
EDUV�� DQG� 33')� VLJQLILFDQFH� WKUHVKROG� �E�� RSHQ� EDUV���
&3')� �F�� DQG� 1&&(� FDOFXODWHG� RQ� WKH� RULJLQDO� SKDVH�
VHULHV��G��VROLG�OLQH��DQG�RQ�D�UHDOL]DWLRQ�RI�VXUURJDWH�GDWD�
�G��GRWWHG�OLQH���6HH�WH[W��

467



PLQLPXP�� WKXV� SURGXFLQJ� D� rR ����� DERYH� WKH� r�
VLJQLILFDQFH� WKUHVKROG��L�H���������)URP�DOO� WKHVH�GDWD�WKH�
G\QDPLFV�LV�FODVVLILHG�DV�����V\QFKURQL]HG���

)LJ��D� VKRZV� DQRWKHU� H[DPSOH� RI� /,2� DQG� 3*1$3�
HYHQW�VHULHV��VROLG�DQG�GRWWHG�OLQHV���3*1$3V�RFFXU�PRUH�
OLNHO\�DW� WZR�VSHFLILF� �HYHQ� WKRXJK�YHU\�FORVH��SKDVHV�RI�
WKH� OXQJ� LQIODWLRQ� F\FOH�� 33')R� �)LJ��E�� ILOOHG� EDUV�� LV�
GLIIHUHQW�IURP�D�XQLIRUP�GLVWULEXWLRQ��,QGHHG��6(R �����LV�
VPDOOHU� WKDQ� 6(� VLJQLILFDQFH� WKUHVKROG� �L�H�� ������ DQG� D�
GRPLQDQW� SHDN�ZLWK� WZR� UHODWLYH�PD[LPD�HPHUJLQJ� IURP�
WKH�33')� VLJQLILFDQFH� WKUHVKROG� �)LJ��E�� RSHQ�EDUV�� FDQ�
EH�GHWHFWHG��WKXV�OHDGLQJ�WR�Q ���)LJ��F�SURYHV�WKDW�DY>[@�
LV� ODUJHU� WKDQ��� �L�H�� ������� WKXV� OHDGLQJ� WR�P ���1&&(R�
�)LJ��G�� VROLG� OLQH�� VKRZV� D� PLQLPXP� �DOWKRXJK� QRW�
GHHS��� WKXV� SURGXFLQJ� D� rR ����� VOLJKWO\� DERYH� WKH� r�
VLJQLILFDQFH� WKUHVKROG��L�H���������)URP�DOO� WKHVH�GDWD�WKH�
G\QDPLFV�LV�FODVVLILHG�DV�����V\QFKURQL]HG���

:KLOH� YDU\LQJ� WKH� OXQJ� LQIODWLRQ� UDWH�� ZH� IRXQG� ��
H[DPSOHV� RI� SHULRGLF� G\QDPLFV� ������ RQH� FDVH� RI� �����
��������������DQG�WZR�FDVHV�RI�����SHULRGLF�SDWWHUQV��DQG���
H[DPSOHV� RI� DSHULRGLF� G\QDPLFV� �������+RZHYHU��ZKHQ�
V\QFKURQL]DWLRQ� RFFXUV�� WKH� FRXSOLQJ� VWUHQJWK� ZDV� YHU\�
ORZ� �RQO\� VOLJKWO\� DERYH� WKH� VLJQLILFDQFH� WKUHVKROG��� ,Q�
���� RI� WKH� H[SHULPHQWV�� ZKHQ� ERWK� 3*1�� DQG� 3*1��
GLVFKDUJHV� ZHUH� V\QFKURQL]HG�� WKH� FRXSOLQJ� UDWLRV� ZHUH�
GLIIHUHQW��DW������+]�����DQG�����DQG�DW������+]�����DQG�
����IRU�3*1��DQG�3*1��GLVFKDUJHV�UHVSHFWLYHO\���,Q�����
RI� WKH�H[SHULPHQWV�ZH�IRXQG�GLIIHUHQW� W\SHV�RI�G\QDPLFV�
LQ� 3*1� GLVFKDUJHV� �L�H�� Q�P� V\QFKURQL]DWLRQ� DQG�
DSHULRGLFLW\�LQ�3*1��DQG�3*1��GLVFKDUJHV�UHVSHFWLYHO\����
��� 'LVFXVVLRQ�
6LQFH� WKH� DQDO\VHV� DUH� XVXDOO\� EDVHG� RQ� YLVXDO�

LQVSHFWLRQ��WKH�FODVVLILFDWLRQ�RI�WKH�QRQ�OLQHDU�LQWHUDFWLRQV�
EHWZHHQ� D� IRUFLQJ� HYHQW� VHULHV� DQG� D� IRUFHG� RQH� DUH�
OLPLWHG� E\� WKH� ORZ� UHSURGXFLELOLW\� RI� WKH� UHVXOWV� >�@��
9LVXDO� LQVSHFWLRQ�EDVHG� DSSURDFKHV� EHFRPH� PRUH� DQG�
PRUH�LPSUDFWLFDEOH�LQ�SUHVHQFH�RI�QRLV\�VLJQDOV�RU�VOLGLQJ�
G\QDPLFV� �L�H�� WKH� W\SH� RI� FRXSOLQJ� SDWWHUQV� FKDQJH�
GXULQJ�WKH�UHFRUGLQJ���7KH�SURSRVHG�DSSURDFK�DOORZV�RQH�
WR�SURGXFH� D� FODVVLILFDWLRQ�YLUWXDOO\� UHGXFLQJ� WR� ]HUR� WKH�
KXPDQ� LQWHUYHQWLRQ� WKURXJK� D� VHTXHQFH� RI� UXOHV� WKDW� DUH�
HDV\�WR�LPSOHPHQW��,Q�DGGLWLRQ��WKH�PRVW�UHSHWLWLYH�SDWWHUQ�
LV� H[WUDFWHG� HYHQ� LQ� SUHVHQFH� RI� QRLVH� RU� VOLGLQJ�
G\QDPLFV��
7KH� DSSOLFDWLRQ� WR� VLQJOH� SRVWJDQJOLRQLF� QHXURQV�

GLVFKDUJHV�FRQILUPV�WKH�DELOLW\�RI�WKH�OXQJ�LQIODWLRQ�F\FOH�
WR� V\QFKURQL]H� V\PSDWKHWLF� RVFLOODWRUV� UHVSRQVLEOH� IRU�
UHJXODWLQJ� VLQJOH� QHXURQV� DFWLYLWLHV� >�@�� ,QGHHG�� Q�P�
SHULRGLF� V\QFKURQL]HG� G\QDPLFV� ZHUH� IRXQG� LQ� ���� RI�
WKH� UHFRUGLQJV��+RZHYHU�� WKH� LQWHUDFWLRQV�DUH�YHU\�ZHDN��
DV�FRQILUPHG�E\� WKH� ORZ�YDOXHV�RI� WKH�FRXSOLQJ�VWUHQJWK��
7KH� DQDO\VLV� FRQILUPV� DOVR� WKDW� V\PSDWKHWLF� RVFLOODWRUV�
JRYHUQLQJ� WKH� VLQJOH� SRVWJDQJOLRQLF� QHXURQ� GLVFKDUJHV�
ZRUN� DW� GLIIHUHQW� IUHTXHQFLHV� DQG�RU� EHKDYH� GLIIHUHQWO\�

ZKHQ� IRUFHG� E\� PHFKDQLFDO� YHQWLODWLRQ�� ,QGHHG�� WKH�
GLVFKDUJHV� RI� WKH� WZR� QHXURQV� LQWHUDFW� GLIIHUHQWO\� ZLWK�
YHQWLODWLRQ� �GLIIHUHQW� W\SHV� RI� G\QDPLFV� DUH� REVHUYHG� LQ�
���� RI� WKH� H[SHULPHQWV�� RU�� ZKHQ� ERWK� GLVFKDUJHV� DUH�
V\QFKURQL]HG� �LW� RFFXUV� LQ� ���� RI� WKH� H[SHULPHQWV��� WKH�
FRXSOLQJ�UDWLRV�DUH�GLIIHUHQW���
��� &RQFOXVLRQV�
7KH�SURSRVHG�PHWKRG�LV�HIILFLHQW�LQ�FODVVLI\LQJ�WKH�QRQ�

OLQHDU�LQWHUDFWLRQV�UHVXOWLQJ�IURP�WKH�GULYLQJ�DFWLRQ�RI�DQ�
HYHQW� VHULHV� RQ� D� GULYHQ� RQH� DQG� SURYLGHV� XVHIXO�
SDUDPHWHUV�VXFK�DV�WKH�UDWLR�DQG�VWUHQJWK�RI�WKH�FRXSOLQJ��
7KH� PHWKRG� FRQILUPV� WKDW� WKH� OXQJ� LQIODWLRQ� F\FOH� LV�
FDSDEOH� RI� V\QFKURQL]LQJ� WKH� GLVFKDUJHV� RI� VLQJOH�
SRVWDQJOLRQLF�QHXURQV�LQQHUYDWLQJ�WKH�UDW�WDLO�DQG�WKDW�WKH�
XQGHUO\LQJ�V\PSDWKHWLF�RVFLOODWRUV�IRUP�D�SRSXODWLRQ�ZLWK�
GLIIHUHQW� IUHTXHQFLHV� DQG�RU� GLIIHUHQW� FDSDELOLWLHV� RI�
V\QFKURQL]LQJ�WR�WKH�OXQJ�LQIODWLRQ�F\FOH���
$FNQRZOHGJHPHQWV�

7KLV�VWXG\�ZDV�VXSSRUWHG�E\�WKH�:HOOFRPH�7UXVW��
5HIHUHQFHV�
>�@� 3LNRYVN\�$��5RVHQEOXP�0��.XUWKV�-��6\QFKURQL]DWLRQ���$Q�

XQLYHUVDO� FRQFHSW� LQ� QRQ� OLQHDU� VFLHQFHV�� &DPEULGJH�
8QLYHUVLW\�3UHVV�������

>�@� *XHYDUD�05��6KULHU�$��*ODVV�/��3KDVH�ORFNHG� UK\WKPV� LQ�
SHULRGLFDOO\�VWLPXODWHG�KHDUW�FHOO�DJJUHJDWHV��$P�-�3K\VLRO�
���������+������

>�@� 3RUWD� $�� 0RQWDQR� 1�� )XUODQ� 5�� &RJOLDWL� &�� *X]]HWWL� 6��
*QHFFKL�5XVFRQH� 7�� 0DOOLDQL� $�� &KDQJ� +�6�� 6WDUDV� .��
*LOEH\� 03�� $XWRPDWLF� FODVVLILFDWLRQ� RI� LQWHUIHUHQFHV�
SDWWHUQV� LQ� GULYHQ� HYHQW� VHULHV�� DSSOLFDWLRQ� WR� VLQJOH�
V\PSDWKHWLF� QHXURQ� GLVFKDUJH� IRUFHG� E\� PHFKDQLFDO�
YHQWLODWLRQ��VXEPLWWHG�WR�%LRO�&\EHUQ���

>�@� &KDQJ� +�6�� 6WDUDV� .�� *LOEH\� 03�� 0XOWLSOH� 2VFLOODWRUV�
SURYLGH� PHWDVWDELOLW\� LQ� UK\WKP� JHQHUDWLRQ�� -� 1HXURVFL�
�����������������

>�@�� 3RUWD� $�� %DVHOOL� *�� /LEHUDWL� '�� 0RQWDQR� 1�� &RJOLDWL� &��
*QHFFKL�5XVFRQH�7��0DOOLDQL�$��&HUXWWL�6��0HDVXULQJ� WKH�
GHJUHH� RI� UHJXODULW\� E\� PHDQV� RI� D� FRUUHFWHG� FRQGLWLRQDO�
HQWURS\� LQ� V\PSDWKHWLF� RXWIORZ��%LRO�&\EHUQ� �����������
����

>�@� 7KHLOHU�-��(XEDQN�6��/RQJWLQ�$��*DOGULNLDQ�%��)DUPHU�-'��
7HVWLQJ� IRU� QRQOLQHDULW\� LQ� WLPH� VHULHV�� WKH� PHWKRG� RI�
VXUURJDWH�GDWD��3K\VLFD�'����������������

�
$GGUHVV�IRU�FRUUHVSRQGHQFH��
�
$OEHUWR�3RUWD��3K'��
8QLYHUVLWD¶�GHJOL�6WXGL�GL�0LODQR�
'LSDUWLPHQWR�GL�6FLHQ]H�3UHFOLQLFKH��'L63��
/,7$�GL�9LDOED�
9LD�*�%��*UDVVL����
�������0LODQ�
�,WDO\��
�
(�PDLO��DOEHUWR�SRUWD#XQLPL�LW�

468

mailto:alberto.porta@unimi.it

