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Abstract 

During dynamic physical exercise  there  is a changing 

point in physiological state called Anaerobic Threshold 

(AT). Some respiratory and cardiovascular variables, 

including heart rate variability (HRV), experiment 

substantial changes at this point. In this work we measure 

the AT using Kolmogorov-Sinai Entropy applied to HRV 

time series. This procedure has two major advantage: a) 

it is non-invasive and b) it requests low cost equipments. 

The study also includes the comparison of AT values 

obtained by the mentioned method with another one 

obtained through a statistical analysis using the Auto 

Regressive Integrated Moving Average model. 

1. Introduction 

During dynamic physical exercise (DE) there is a 

changing point in physiological state called Anaerobic 

Threshold (AT) [1]. Changes in cardio respiratory 

variables including heart rate variability occur at this 

point [1,2]. The search for low cost, non-invasive 

methods for AT identification, has raised interests from 

researchers that work in the signal processing applied to 

biological systems field. Auto Regressive Integrated 

Moving Average model (ARIMA) has been used for this 

purpose [3-5]. 

The general idea to be understood in the entropy 

concept is that it is impossible to use all the system 

energy involved in a work realization, because part of that 

energy is lost. Entropy is, in this sense, a measure of the 

inaccessible energy. The physicist Ludwig Boltzmann 

proposed a statistical entropy measure (H): 
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Where K is the Boltzmann constant (only depending 

on the units used), and Pi is the ordinary probability of an 

element being in any one of the Ns phase space states. 

Shannon, particularly, reached to the same Boltzmann 

expression with K = 1. Kolmogorov and Sinai proposed, 

in 1959, to apply the Shannon entropy to dynamic 

systems. For such end, they used the Correlation Integral 

(Cm(ε)) [6-10]. The computed K-S entropy (HKS) can be 

interpreted as a loss (or gain) of information by the 

system, between the m.p and (m+1). p instants, where p is 

the reconstruction step: 
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As m grows, the K2 mean value defined as: 

 

 

 

                                                                                        (3) 

 

 

converges to HKS. This mean value is plotted in a diagram 

as a function of m, for different values of ε, and we look 

for its asymptotic value. 

The main goal of the present work is to evaluate the 

tool: Kolmogorov-Sinai entropy (K-S) when applied to  

HRV time series in different powers of dynamic exercise, 

in order to quantify the AT in healthy individuals. The 

results were compared to the AT values obtained using 

ARIMA model. 

2. Methods 

Ten healthy male volunteers have been studied (23 ± 

2.0 years) They exhibited a sedentary life style.  Dynamic 

exercise tests (discontinuous steps) included two 
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experimental protocols (undertaken two days apart), that 

is, progressive (EPI) and random (EPII) power levels, 

lasting fifteen minutes, with a rest period among them. 

The RR intervals have been measured, in seconds, 

from each one of the following situations: at rest, in 

supine and seated positions; in the last position during 

exercise, using an electromagnetic braked cycle-

ergometer at several power levels (W). The RR intervals 

were obtained using specific software to detect R waves 

of ECG signals and the respective periods [11]. For each 

one of the studied powers, the ARIMA model [3,4] was 

used to analyze the cardiac frequency responses obtained 

from the RR interval transformations. The K-S parameter 

was, then, estimated using computational programs 

written and compiled for the present work. Such 

computational programs were fed by the original RR 

intervals time series, dropping out the first and the final 

1.5 minutes in order to assure a stability period for the 

studied signal.  

3. Results 

RR interval time series (N=191) obtained from the ten 

men with both protocols, EPI and EPII, were analyzed in 

order to estimate the Kolmogorov-Sinai entropy for each 

set of data, we have plotted the values of K2 against the 

embedding dimension m, m = 2, 3,… , 30 and for 

different values of ε (Fig.1). Each RR series was 

reconstructed with time-delay coordinates x(t), x(t+p), 

x(t+2p),…, where the delay p was properly selected.  
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Figure 1: Diagrams of K2 as function of m for one of 

the individuals (ACC). 

The Kolmogorov-Sinai entropy (K-S) showed, in a 

phenomenological way, a very distinct change in the 

system response patterns at a specific power. The lines 

joined themselves and crossed the abscissa axis. This 

occurred in a power value, which corresponds to the AT. 

The results obtained from K-S and ARIMA methods 

are highly correlated: Spearman rank correlation 

coefficient = 0.93 and p-value < 0.01, for N = 15.  

4. Discussion and conclusions 

We have described an alternative non-invasive way to 

obtain the Anaerobic Threshold. Our conclusions can be 

summarized as follows: The Kolmogorov-Sinai entropy 
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exhibited, in a phenomenological way, a drastic change in 

the system dynamics, showing a graphic pattern 

completely different from the others at power values that, 

invariably, agreed with the AT obtained from the ARIMA 

model. The high linear correlation (r = 0.93), statistically 

significant at 1% level, between the ARIMA and 

Kolmogorov-Sinai entropy method, allows the conclusion 

that this last method can be used to obtain the AT, despite 

some problems that were expected like the data set size, 

different embedding dimensions and the reconstruction 

step size. The advantages of the Kolmogorov-Sinai 

entropy are:  

-  It involves a fast computational procedure. 

- It does not require elaborate statistical analysis. This 

implies that a physician can perform this test without the 

aid of a specialized staff. 
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